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Units 

Length: 

Energy: 

Unit of charge: 

Dipole nnoment: 

Molecular quadrupole 

Glossary of Ternns 

AO: 

MO: 

VB: 

LCAO-MO: 

SCF: 

OCE: 

TCE: 

HF: 

STO: 

GTO: 

T: 

Vf^ 

'pcf= 

V / T : 

OVC: 

IP: 

UNITS AND GLOSSARY 

1 au = 1 bohr = 0.529167 A 

1 au = 1 hartree = 27.2107 eV 

1 au = l e - = 4.8030 x 10' '° esi 

1 au = 2.54158 D 

moment: 1 au = 1.3449 x 10"" esu-cm^ 

Atomic orbital 

Molecular orbital 

Valence bond 

Linear combination of atomic orbitals to 
form molecular orbitals 

Self-consistent field 

One-center expansion 

Two-center expansion 

Hartree-Fock 

Slater-type orbital 
« 

Gaussian-type orbital 
Kinetic energy 

Total electronic potential energy 

Nuclear-electronic energy 

Nuclear-electronic energy arising from the 
olf-center nuclei 

Electronic-electronic repulsion energy 

Nuclear-nuclear repulsion energy 

Virial theorem 

Optimal valence configuration 

Ionization potential 
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TWO-CENTER-EXPANSION SCF CALCULATIONS 
ON ACETYLENE AND ETHYLENE 

by 

F. J. Janiszewski, P. G. Lykos, 
and Arnold C. Wahl 

SUMMARY 

A prinne interest of all chennists is the elucidation of nnolecular 
s t ructure . A theoret ical determination of molecular s t ructure requires 
accurate solutions to the nonrelativistic Schrodinger equation. Such solu­
tions for large molecules have not been obtained as yet because of the 
connputational difficulties involved in evaluating the nnulticenter integrals 
that a r i se . Many techniques have been proposed to circumvent the need for 
these integrals . One technique, which has received little attention, is the 
two-center-expansion (TCE) method in which expansion basis functions a re 
placed on only two centers of a polyatomic system. It seenned desirable , 
therefore, to character ize and document this technique for obtaining ab initio 
wave functions for polyatonnic systems using Slater-type orbitals (STO's) as 
expansion functions. 

The acetylene and ethylene molecules were selected for analysis by 
this method. They form an ideal ser ies since they have the sanne heavy 
atom skeleton with an increasing number o4 protons, thereby providing 
a comprehensive test of the method. A completely optimized TCE, self-
consistent-field (SCF), molecular-orbi ta l (MO) wave function was obtained 
for acetylene using the Hartree-Fock-Roothaan procedure. The final 
results obtained were -76.7240 ha r t r ees for the total energy and 10.86 eV 
for the ionization potential. The corresponding experinnental values are 
-77.3605 ha r t r ees and 11.41 eV, respectively. Because of the expense in­
volved in obtaining these resul ts , unoptimized TCE-SCF resul ts were ob­
tained for ethylene. The total energy resul ts obtained were -77.5537 ha r t r ees 
for planar ethylene. The experimental value is -78.6166 ha r t r ee s . The 
e r ro r per proton, which is defined as the deviation fronn the Har t ree-Fock 
value, divided by the number of protons, for acetylene and ethylene were 
0.07 and 0.13 ha r t r ee s , respectively. 

Analysis of the wave functions and molecular propert ies indicated 
that those orbitals not involving a carbon-hydrogen bond in acetylene and 
ethylene were well represented, but those involving the bond were not well 
represented. As expected, the major deficiency in all the wave functions 
was the lack of charge density at the protons. The conclusion reached was 
that for systems of the type H-A-B-H or A-B-H, the method was useful and 
pract ical ; however, for the general class of molecules H^^-A-B-Hj^, the 
method was not pract ical . 
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I. INTRODUCTION 

A. Purpose 

A pr imary objective of theoretical chemistry is the accurate p r e ­
diction of molecular s t ructure , proper t ies , and chemical reactivity. F r o m 
an ab initio viewpoint, this requires as a first step accurate solutions to 
the electronic Schrodinger equation, 

iVi = E t , ( l - l ) 

where H is the nonrelativistic electronic Hamiltonian defined as* 

• /3 i .7 
J 

where i and j range over electrons, and fi over nuclei, and Zg is the 
nuclear charge of nucleus j3. In Eq. 1.1, the Born-Oppenheimer approxima­
tion' has been invoked, t is an eigenfunction (wave function) of the elec­
tronic Hamiltonian operator, and E the corresponding eigenvalue (the total 
energy). 

B. Approximate Methods and Polyatomic Calculations 

Exact solutions to the Schrodinger equation have only been obtained 
for one- and two-electron systems (for example, H J , Hj). However, much 
progress has been nnade in the implementation of approximate t rea tments 
for systems with more than two electrons. Most of these t rea tments a re 
based on two general methods: the Heitler-London-Pauling-Slater ' ' or 
valence-bond (VB) method, and the Hund-Mulliken* or MO method. 

At present, Har t ree-Fock MO wave functions are being obtained for 
third- and fourth-row diatomic molecu les ' ' ' by the use of the Roothaan' 
expansion method. That is, solutions of the pseudo-eigen equation, 

r 0 i = ei0i. (1.3) 

are obtained using MO's that have been constructed from a truncated set of 
basis functions, namely, 

*i = Z CipXp. (1.4) 
P 

In atomic units; these units will be used throughout the text and are defined on p. 10. 



The extension of such calculations to sinnple polyatomic systems has been 
relatively slow because of the need for the two-electron multicenter integral, 

<X^Xblx^Xd> = ^ X * ( l ) X b ( l ) ^ X c ( 2 ) X 5 ( 2 ) dv,dv2, (1.5) 

where 1 and 2 label the e lectrons, and a, b, c, and d label the different 
nuclear centers of the system. General-purpose computer p rog rams ' " ' a r e 
only now being developed to evaluate these integrals over STO's. To c i r ­
cumvent the need for these integrals , other techniques such as the use of 
Gaussian-type orbitals (GTO's) and the one-center-expansion (OCE) method 
were developed. The usefulness of Gaussian functions was dennonstrated by 
Boys' when he showed that all the multicenter integrals could be reduced 
to single-center integrals . The basic deficiency of these functions is their 
poor behavior at the nucleus. E x p e r i e n c e " " " has shown that it generally 
requires three t imes as many GTO's as STO's to obtain accurate resul ts . 
With current computer storage and speed, this appears to be a serious 
restr ict ion. 

The OCE method avoided the need for multicenter integrals by 
placing functions on only one center of the system. If a complete set of 
orbitals could be used, the charge density could be represented exactly. 
In pract ice, this is not possible; however, with a large number of expansion 
functions, adequate results for chemically interesting systems have been 
obtained. '* '" 

A logical extension of the OCE nnethod is the TCE method in which 
the expansion functions are placed on only t^o centers of a polyatomic 
system. Hoyland' first implemented this scheme, using elliptical functions, 
with initial success on small systems (H3 and H3 )̂, but later r e s u l t s " on 
acetylene indicated that the method was not pract ical . However, no previous 
comprehensive application of the TCE method to a homologous ser ies of 
molecules using STO's has been attennpted. 

C. Objectives 

The objectives of this research a re : 

1. To charac ter ize and document the TCE nnethod utilizing STO's 
as expansion functions. 

2. To obtain TCE-MO representat ions of acetylene and ethylene. 

3. To compare, where possible, the resul ts for these systems with 
existing mult icenter wave functions and experimental resul ts to 
cal ibrate the usefulness of the TCE technique. 
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II. S C F THEORY 

A. C l o s e d - s h e l l H a r t r e e - F o c k T h e o r y 

Solut ions to the n o n r e l a t i v i s t i c S c h r o d i n g e r equa t ion , even wi th in 
the c o n s t r a i n t s of the B o r n - O p p e n h e i m e r a p p r o x i m a t i o n , a r e r i g o r o u s l y 
p o s s i b l e for only one - and t w o - e l e c t r o n s y s t e m s . In 1928, Hund and 
Mulliken* in t roduced the n n o l e c u l a r - o r b i t a l m o d e l of the e l e c t r o n i c s t r u c ­
t u r e of m o l e c u l e s . The m o d e l was p r i m a r i l y u s e d in the i n t e r p r e t a t i o n of 
s p e c t r a and not a s a me thod for obtaining a p p r o x i m a t e wave funct ions for 
m o l e c u l e s . In 1929, L e n n a r d - J o n e s " r e c o g n i z e d tha t o p t i m a l o r b i t a l r e p r e ­
sen ta t ions could be obta ined for m o l e c u l e s by us ing a p r o c e d u r e a n a l o g o u s 
to that deve loped by H a r t r e e " and l a t e r modi f ied by Fock^° for a t o m s . Th i s 
method, the H a r t r e e - F o c k p r o c e d u r e , g ives m a t h e m a t i c a l l y r i g o r o u s equa ­
t ions whose so lu t ions a r e the bes t o r b i t a l r e p r e s e n t a t i o n s for the s y s t e m . 

F o r an N - e l e c t r o n s y s t e m , the wave function is w r i t t e n a s 

y(l,2,...,N) = (N:)""/^ {*}*^..*N^J, 

w h e r e the <i>^ a r e m o l e c u l a r - s p i n o r b i t a l s defined as 

(2.1) 

(2.2) 

w h e r e k l abe l s the o r b i t a l and /i l a b e l s the e l e c t r o n . Since we sha l l be 
cons ide r ing a s p i n - f r e e Hami l t on i an (Eq. 1.2), the sp in and s p a c e p a r t s m a y 
be fac to red to give 

w h e r e k l abe l s the m o l e c u l a r - s p i n o r b i t a l and i the MO. 

(2.3) 

Because the e l e c t r o n m a y ex is t in two spin s t a t e s , the P a u l i p r i n c i ­
ple^' s t a t e s that each MO m a y be occupied by not m o r e than two e l e c t r o n s . 
When a l l MO' s for a given s y s t e m a r e doubly occup ied , the s y s t e m is sa id 
to be a c l o s e d - s h e l l s y s t e m . A s y s t e m with ha l f - f i l l ed M O ' s is known a s 
an o p e n - s h e l l s y s t e m . This type s y s t e m wil l not be c o n s i d e r e d in the p r e s ­
ent r e p o r t , and the f o r m a l i s m deve loped wil l p e r t a i n only to c l o s e d - s h e l l 
s y s t e m s . 

An a l t e r n a t i v e way of e x p r e s s i n g Eq . Z.i, is as a S l a t e r 
determinant :^^ 

^ ( 1 . 2 N ) = (NI) -1/2 

0la(l) 0}/3(1) . . . 0 L / a ( l ) 4>l,,^{l) 
N/2"-^'' ^-N/z^ 

0Na(N) 0N/3(N) . . .0N/^a(N)0j^^ j^(N) 

(2.4) 
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where 0j is the space orbital defined in Eq. 2.3, and a(i) and p(i) represent 
the two spin states of electron i. 

B. A Review of the Expansion Method 

The expansion fornn of the Har t ree-Fock equations was first proposed 
by Coulson^' in 1938. However, the nnost useful form of these equations was 
developed in 1951 by Roothaan^* when he cast them in a matr ix fornn suitable 
for use on an electronic digital connputer. 

Given a wave function of the form of Eq. 2.4, the 0j 's a re expressed 
as a finite l inear combination of suitable atomic orbitals (AO's), 

*i = Z CipX P P 
(2.5) 

where the Xn's a re any normalizable one-electron function; that is, they 
satisfy the condition 

/x !* ( i )X (i) dv. = N, 
p >-'-p^ 

where N is normally taken to be unity. 

The total electronic energy is given by 

/^'*H>!' dr** 
E = ^—r^ . 

1^*^ dT 

(2.6) 

(2.7) 

where II is the Hamiltonian operator defined in Eq. 1.2, and t is the wave 
function defined in Eq. 2.4. After the spin par t§ has been summed, the total 
energy may be writ ten as 

E = 2 X H , + I ( 2 J i , " K i j ) . (2.8) 

i .J 

where the indices i and j run over the nunnber of occupied molecular or­
bitals, and the symbols Hj, J^;, and Kj; are defined as 

H, = / 0 * ( M ) - i v ^ ( M ) + y - ^ 0i(M) dv^, (2.9) 

*The asterisk implies complex conjugation. 
**dT implies integration over the spin and space coordinates of the electron; dv implies integration over 

the space coordinates only. 
§The Hamiltonian is spin-free; therefore, the spin part can be summed independently. 
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w h e r e a runs ove r a l l the nuc l e i of the s y s t e m and p. i s the e l e c t r o n l ab e l ; 

hi = J j i = ^ij = Jj*! = /T0 r (M)0* ( i ' ) 7^0 i (M)0 j (v ) dv^dv^,, (2.10) 

a n d 

^ i j = ^ i = ^ r j = ^* i = / T < ( M ) 0 j V ) 7 ^ 0 i ( v ) 0 j ( / i ) dv^dv^ . (2.11) 

With the in t roduc t ion of the f o r m of 0̂ ^ as given by Eq. 2 .5 , E q s . 2 .9, 2 .10, 
and 2.11 b e c o m e , r e s p e c t i v e l y , 

.iV^(M) + Z - ^ 
a ajLi 

X CipXp(/i) dv^dv^, (2.12) Hi = j Z Cipx;(M) 

/TZ C,pX>) Z CiqX*(v)^ Z Cip '̂'̂ ) Z Ciq̂ <̂ ) ^V-'^' 
JJ p q '^^ p q 

and 

Kij = f f Z '̂̂ p̂ M) Z Ciq<<^)7^ Z ^̂ p̂ p(̂ ' Z îq̂ **̂ ' "V-^-
JJ P q MT̂  p q 

(2.14) 

They m a y be t r a n s f o r m e d into a nnore convenient m a t r i x no ta t ion by w r i t i n g 
the X's as a v e c t o r , 

X = (X,Xz...Xp), 

and the C . ' s as a m a t r i x , 
Pi 

( 2 . 1 5 ) 

C11C12 . . . C j j 

' ^pi '^pz- ' -^pm 

t h e r e b y t r a n s f o r m i n g Eq. 2.5 to 

0i = X • C., 

w h e r e Cj is defined as a co lumn of m a t r i x C 

(2.16) 

(2.17) 



Ci = 

Cii 
Cai 

S^ 

(2.18) 

Finally, the matr ix 0 nnay be written as the scalar product between X and 
the matr ix Q; that is , 

0 = X • C. (2.19) 

The total wave function must be orthonornnal, which implies that 

/>J'*>F dr = 6jj . (2.20) 

where 6:; is the Kronecker delta defined as 

1 for i = j 

0 for i / j 
(2.21) 

Transforming to integrals over the expansion basis (Eq. 2.5) yields the 
condition that 

c: s c . = 6ij, (2.22) 

where § is the overlap matr ix whose elements are the integrals 

Sij = /xr(/i)Xj(M)dv^. (2.23) 

Similarly, Eqs. 2.12-2.14 may be transformed to the following 
matrix form: 

Hi = C\HC.. 

Jij = C^JjCi = cJjiCj. 

K.̂  = C | K . C . = C^KiCj. 

where the elements of the H matr ix a re defined as 

^ a 

Xq(M) dv^ 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

* ^ t 
Cj is the adjoint of Cj (i.e., a rov/ vector). 



and the e l e m e n t s of the fi and K s u p e r m a t r i c e s , r e s p e c t i v e l y , a s 

/ p q r s = j J x ; ( M ) X * ( ^ ) ^ X q ( M ) X 3 ( ^ ) dv^dv^ (2.28) 

a n d 

a n d 

< p q r s = / / x p % ) ^ r * ( v ) ; i ^ X q ( . ) X 3 ( . ) d v ^ d v , . (2.29) 

and K. m a t r i c e s a r e def ined a s 

J^ = D ^ . ^ , (2.30) 

Kj = Dj • K, (2.31) 

w h e r e the v e c t o r D; is defined a s 

Dj = CjCt.. (2.32) 

The dens i ty m a t r i x D, i s def ined a s 

D = I D (2.33) 
j 

H;, J l , K., and D a r e H e r m i t i a n m a t r i c e s . 

Equa t ion 2.11 m a y be w r i t t e n in m a t r i x no ta t ion a s 

E = H"*" • D + JD''" • (?> • D , (2.34) 

w h e r e H is the m a t r i x defined in Eq. 2.27 but w r i t t e n a s a s u p e r v e c t o r , ^ 
and D is the dens i ty m a t r i x def ined in Eq. 2.23 and a l s o w r i t t e n a s a s u p e r -
v e c t o r . CP \5 a s u p e r m a t r i x defined as 

<? ^ fi -\<, (2.35) 

w h e r e fi a n d ^ a r e t h e s u p e r m a t r i c e s d e f i n e d i n E q s . 2 . 2 8 a n d 2 . 2 9 , 
r e s p e c t i v e l y . 

A supermatrix is defined as a direct product of two matrices. 
**A Hermitian matrix is defined as one satisfying the condition U* = U where the T implies the transpose. 
§A supervector is defined as a direct product of two vectors (i.e., a matrix written as a vector). 



C. The SCF Equations 

When a linear variation is applied to a wave function of the form of 
Eq. 2.4, the Har t ree -Fock or SCF equations are obtained. When a linear 
variation is applied to 0., Eq. 2.8 beconnes 

6E = 2 X 6Hi + X (26Jij - 6K.j). (2.36) 
i i 

Substituting the resul ts of Eqs. 2.24-2.26 into Eq. 2.36 yields 

6E = 2 Z * C | H C . + Z | * c | ( 2 J i - K i ) Ci + 6cJ(2Jj - Kj) Cj l 
i i,j "̂  J 

Y C^HaCj + Z | c l ( 2 J i - K i ) 6Ci + cJ(2J_j-Kj) &C.V (2.37) 
1 i,j "̂  

+ 2 

Equation 2.37 may be recast as 

6E = 2 Z *cl{y + Z ('̂ j - ̂ ĵ'} ̂ i + ^ Z *c^ {̂y* ̂  Z ('̂ j* - '̂ j*'} < 

(2.38) 

6E = 2 X *C^FCi + 2 X • C ? ' F * C J ' , (2.39) 

where F is the Har t ree -Fock operator matr ix defined as 

C = H+ Z ( 2 J j " K j ) . (2.40) 

When the variation is imposed on the orthonormality constraint, 
Eq. 2.22 beconnes 

6CtSC.+ 6 C ^ S * C * = 0. (2.41) 
1 - J 1 - J 

For the energy to reach a nninimum, 5E must equal zero for any a rb i t ra ry 
variation in 0j. The standard technique for solving this type problem is by 
the method of undetermined Lagrangian nnultipliers.^' 

The procedure is to multiply Eq. 2.41 by an undetermined factor, 
let it be -2e.^; then 
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-2X6C|SCJC - 2 X 6 c V c * e , ^ = 0. (2.42) 

i,j i'j 

When this expression is added to Eq. 2.39 a new expression for 6E is obtained, 
which in order to be a minimum must be equal to zero; that is . 

6E. - 2 X * C ; ( F C . - X SCjCj,^ + 2 X 6 c T ^ F * c r - X S'cfci^'^ = 0. 

(2 .43) 

The conditions that 6E' equals zero are that 

FCi - X SCj^ji = 0, (2.44) 

and 

F*C* - X ?*C*eij = 0. (2.45) 

or that 

FC. = y SC.e.., (2.46) 
~ 1 4 - ' ~ ] J l 

and 

F*C* = Xs*cfe i j . (2.47) 
j 

Complex-conjugating Eq. 2.47 and subtracting it from Eq. 2.46 yields 

ZsCjCji = ZsCj^ t j ' (2-48) 

Z?Cj(e.j-e*.) = 0. (2.49) 
j 

For this to be satisfied, 

e.. - efj = 0, . (2.50) 

e. . = £*., (2.51) 
Jl iJ 
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which implies that the e^^'s are elements of a Hermitian matr ix, and there­
fore Eqs. 2.46 and 2.47 are equivalent. Equation 2.46 can then be written 
in matr ix form as 

FC = SCE. (2.52) 

Because E is a Hetmit ian nnatrix, it may be transfornned by nneans of a 
sinnilarity transformation to diagonal form; that is, 

e = U*'^EU, (2.53) 

where e is a diagonal matr ix . 

Equation 2.52 may be written in its familiar form as the pseudo-
eigen equation, 

FCi = GiSCj. (2.54) 

Equation 2.54 is commonly known as the Hartree-Fock-Roothaan equation. 



III. CHARACTERIZATION OF THE TCE METHOD 

A. The TCE Model 

The electronic Hamiltonian for a polyatomic system was given in 
Eq. 1.2. Expanding to integrals over an approximate wave function of the 
form of Eq. 2.5 yielded Eqs. 2.12-2.14. It is easily seen from these equa­
tions that placing basis functions on every center of a polyatomic system 
resul ts in the multicenter integrals defined in Eq. 1.5. However, if basis 
functions are placed on only two centers of the system (as is done by defini­
tion in the TCE method), the only additional integrals to be evaluated, over 
those that would ar i se if the system were a diatomic molecule, a re the one-
electron nuclear-a t t ract ion integrals involving the off-center nuclei. It is 
apparent therefore that ab initio calculations can be made on a large class 
of polyatomic systems without computing the multicenter integrals of 
Eq. 1.5. The class of molecules most appropriate for this approach are the 
type Hj„-A-B-Hjj, where A and B are the heavy expansion centers with 
m and n protons attached to them respectively. The coordinate system for 
the TCE model is shown in Fig. 1. 

Fig. 1 

The TCE Model 

B. The Three-center Nuclear-at tract ion Integrals 

The nuclear-at tract ion integrals that a r i se in the TCE method are 

H 
/>^p('̂ ' Z - ^^^q*'^'"^- (3.1) 

where /3 ranges over the number of off-center nuclei, p. labels the electron, 
and p and q label the basis function, X. The functions X used in this work 
are complex STO's^' defined as 

(2O'^+^(2n;)"K"-'e"?'-Y^^(e.0), (3 .2) 

where n, i, and m are the quantum numbers, and (; the orbital exponent. 
Tlie Y^_rn(^'0) are the complex spherical harmonics defined as 



Y^^(e .0) = (^im^cos e)^^{<t>). (3.3) 

where the (Pi-^cos Q) a re the normalized associated Legendre polynonnials 
and <l'j^(0) is defined as 

<t^(0) = - i = e " " * , (3.4) 
«/27r 

where i represents the imaginary number (-1) . This choice of expansion 
function implies that the molecular orbitals 0j defined in Eq. 2.5 nnay be 
either real or complex. In this work, the expansion coefficients are chosen 
to be real ; therefore the 0̂  a re , in general , complex. Their modulus 
squared, corresponding to the orbital charge density is real; namely, 

l^jl = 0J0; = real number. (3.5) 

Although the basis functions X are placed only on two centers of the system, 
a multicenter integral does a r i s e , namely, the th ree-cen te r nuclear-
attraction integral 

/ 
Xa(M) Z • r ^ ^ b ( H ) d v ^ , (3.6) 

8 PM 

where a and b label the expansion centers , and the pr ime on X innplies 
that X and X' nnay be different functions. Expression 3.6 nnay be written, 
after integrating over the angle 0, as 

j ^^ i (ma-nnb )0p^ (37) 

whe 

/ 
Xa(M)—^Xb(M) d^dri. 

m and mv a re the magnetic quantum number m for X^ and X, , respec­
tively, and 0Q is the angle 0 of the off-center atonn relative to the diatomic 
coordinate system (see Fig. 1). One advantage of the TCE method is that the 
geometry of a sys tem can be investigated rather inexpensively since only 
the nuclear-a t t rac t ion integrals arising from the new configuration of off-
center nuclei a re required, provided the internuclear separation between the 
expansion centers remains constant. Fu r the rmore , because of the nnethod 
used for computing these integrals , a rotation of the off-center nuclei by 
some a rb i t r a ry angle 0 requi res negligible computing t ime. 
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When the Euler Formula^' is introduced. Expression 3.7 may be r e ­
written as 

lX{'=°s [ (m^-m^) 0p] + i sin [̂ (m̂ ^ - m^) 0 p j j . (3.8) 

For these integrals, there are no restr ic t ions on the allowed values of m; 
therefore Expression 3.8 can give complex resul ts . As a mat ter of con­
venience, however, only real integrals were allowed. The condition to be 
satisfied for these integrals to be real is that 

X i s i n [ ( m ^ - m b ) 0 ^ = 0. (3.9) 

Imposing this requirement places a restr ict ion on the geometr ies of a poly­
atomic system that can be considered. 

Detailed information on these and all the integrals that a r i se in the 
method are contained in a ser ies of papers by Wahl et al_.''^°"^° This infor­
mation is briefly summarized in Appendix A. 

C. Review of Expansion Results 

The one-center expansion method has received widespread attention 
the last few years because of its computational simplicity and wide range of 
applicability. 

The basic limitation to the method appears to be economics. Present-
day computers have limited storage and computing speed thereby restricting 
the size of the basis set. It has been discussed^' that the major problem 
with a limited basis set is its inability to adequately represent the charge at 
the off-center nuclei, namely, the regions in space where H ^ / ^ diverges. 
The number of these regions in space is equal to the number of nuclei The 
size of the region and the extent of the divergence are assumed to be roughly 
proportional to^^ 

(3.10) 
i . + 1 
min 

where Z^ is the charge of nucleus n, and i is the minimum value of i 
'I ^ ' mm 

allowed by the irreducible representation of the molecular -symmetry point 
group. For hydrides, this quantity has its smallest value, hence, the choice 
of compounds, A-H . Fur the rmore , ae the number of regions inc reases , it 
becomes more difficult to adequately represent the charge at these centers , 
and the expansion technique becomes less satisfactory. 
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The near Har t ree -Fock expansion wave functions that have been ob­
tained have had fair success in predicting such proper t ies as susceptibilities. 
X-ray scattering factors, and geometry. In general , those proper t ies that 
do not depend upon accurate representat ion of the charge density in the 
regions of the off-center nuclei can be predicted with fair accuracy. For 
the total energy, the important consideration is the size and the number of 
regions of space where Hf/ f d iverges, and the extent of the divergence.^' 

The first l a rge-sca le computation of molecular wave functions on 
a ser ies of compounds using the OCE technique was done by Moccia.'^ With 
a limited range of harmonics {I £ 3) and limited amounts of bas is -se t opti­
mization, Moccia obtained reasonable resul ts . Of part icular interest a re 
his results for hydrogen fluoride (HF) and methane (CH4), which were within 
0.065 ha r t r ee of the total Har t ree-Fock energy for hydrogen fluoride and 
0.31 ha r t r ee for methane. More recent work by Hoyland^^ has shown that the 
basic deficiency in Moccia's basis sets was the lack of higher spherical 
harnnonics (i > 3). Using higher harmonics (i £ 8), Hoyland obtained results 
within O.OIl ha r t r ee of the total Har t ree-Fock energy for hydrogen fluoride 
and 0.116 ha r t r ee for methane. 

These systems represent extremes in molecular-expansion calcula­
tions and therefore constitute excellent test systems. Hydrogen fluoride has 
a snnall internuclear separation (1.733 bohrs) with a very polar band, and 
only one off-center proton. The charge density in the vicinity of the proton 
is snnall, making the molecule an ideal system for a one-center expansion. 
By contrast, methane has a larger internuclear separation (2 0665 bohrs), 
a nonpolar band, and four off-center protons, thus requiring a much greater 
effort to represent the charge on the off-cent#rs. Hoyland's resul ts for 
these two systems represent at least an upper linnit to the results obtainable 
by this technique using a basis set limited by pract ical considerations. 

Sharp-Ritter^* has made a number of calculations on various aromatic 
fragnnents. Of interest is her set of calibration calculations on the OH radi­
cal. Comparison of her OCE resul ts with the diatonnic resul ts of Cade and 
Huo^' indicate that her resul ts were within 0.07 har t ree of the total Har t ree -
Fock energy and that the ionization potential using Koopmans' approxima-
tion^' was better than that obtained using the Cade and Huo resul ts . Plots of 
her OCE wave function and the two-center wave function of Cade and Huo 
indicated that the only appreciable deficiency in the charge density was in 
the region of the proton. Because the outer orbitals were well represented, 
and because of the speed and flexibility of the method, she was able to make 
calculations on a wide variety of aromatic- l ike fragments With these r e ­
sults, various semiempir ica l pa rame te r s could be calculated, thus giving 
an ab initio justification for many of the accepted values of these pa rame­
t e r s . To make s imilar full-multicenter calculations would not have been 
economically possible even if the nnachinery for doing so had been available. 
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Calculations aimed at chemical accuracy (within 1-2 kcal) have been 
performed by Hayes and P a r r " on a number of small systems (HJ, Hz, Hj , 
H3). The results of their studies indicate that the expansion technique can 
yield accurate results. They demonstrated that to obtain these resul ts very 
large basis sets with very high n and i values were necessary . They feel 
that, based on this work, s imilar resul ts can be obtained for la rger systems, 
and work is proceeding along those lines. 

Work by Joshi,'"* Lounsbury,'* and Cade and Huo^' on the NH molecule 
provide a useful comparison for the present work. Josh i ' s OCE basis set 
for NH was a completely optimized set that used the p rogram ' s full capacity. 
The basis set was limited, however, to spherical harmonics of i s 3 The 
total energy obtained was only 0.07 ha r t r ee from the near Har t ree-Fock 
(±0.001) two-center results obtained by Cade and Huo Lounsbury built fully 
optimized, intermediate-size, OCE basis sets, which provide a useful com­
parison with Joshi 's best calculation. Table I contains these resul ts . 
Lounsbury's energy is within 0.12 har t ree of the Har t ree -Fock value using 
12 basis functions. Joshi, with a set twice as large, obtained resul ts that 
were only 0.05 har t ree better, indicating the apparent slow rate of conver­
gence for an OCE basis set. The ionization potential and dipole moment 
monotonically change as the basis set is improved. The ionization potential 
increases, and the dipole moment decreases . The experimental value for the 
ionization potential is 13.36 eV, which implies that Koopmans' approximation 
for open shells is not satisfactory. The ionization potential determined by 
computing the wave functions for the two states is 12 82 eV, which is in sat­
isfactory agreement with experiment. There is no comparison available for 

TABLE I SCF Results for 'Z' oi NH at R - 1 9614 

Total Energy, 
Calculation har t rees V / T I P . ^ eV M. D 

OCE, 4 basis 
functions^' 

OCE, 8 basis 
functions-*^ 

OCE, 12 basis 
functions^' 

OCE, full set'* 
Diatomic-Hartree-

Fock set^^ 
Experimental^^ 

-54.5558 

-54.7477 

-54.8588 
-54.9060 

-54.9470 
-55.252 

-2 0141 

- 1.99803 

-2 00025 
-

-2.00057 
-

11.93 

13 69 

14.16 
14.37 

14.63 
13 10 

2.492 

2.438 

2.156 
2 111 

2 078 
-

lonizational potential using Koopmans' approximation for open 
shells. 
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the dipole moment except the computed Har t ree-Fock value, and Joshi ' s 
resul ts a re converging to this value. A comparison of other molecular 
proper t ies indicates that there is a general progression toward the Har t ree-
Fock value as the basis set is improved. It is apparent, however, from the 
work of Joy and Handler,^' Joshi ' s work on ammonia, and the work of 
Hoyland mentioned ear l ie r , that these calculations are seriously limited by 
being res t r ic ted to spherical harmonics of £ £ 3. 

Computed spectroscopic constants from Joshi ' s and Cade and Huo's 
results a re presented in Table II. In general, both results a re only in fair 
agreement with experiment, and in poorer agreement with each other. 

TABLE II. Spectroscopic Constants for ^2" of NH 

Source 

Expe rimental '^ 
OCE, Joshi '* 
E r r o r , % 
Diatomic Cade 

and Huo" 
E r r o r , % 

Be' ^ni" ' 

16.668 
17.22 
+ 2.8 

17.319 
+ 3.91 

ttg, cm" ' 

0.646 
0.8166 

+ 27.6 

0.5715 
-11.53 

cu g, cm"' 

[3125.6] 
3636.8 

3556 
+ 13.75 

R,.. bohr 

1.9614 
1.9190 

1.923 
-1.96 

The wave functions may be compared graphically. The charge density 
for an orbital at any point in space may be given in cylindrical coordinates 
as 

p . (Z , r , e ) = e - N . 0 . ( Z , r , e ) 0 * ( Z , r , e ) , * (3.11) 

where e" is the atomic unit of charge, and Nj is the nunnber of electrons in 
molecular orbital 0^. The total density, p, is defined as 

p ( Z , r , e ) = X p i ( Z . ' - , e ) . (3.12) 
i 

The charge on any circle perpendicular to, and centered on, the bond axis 
(the Z axis) is defined as 

p(Z,r) = / p ( Z , r , e ) de, (3.13) 
Je=o 

and the average density (namely, the charge on any plane perpendicular to 
the Z axis) is 

/»oo 

J T = 0 

p(Z) = / p ( Z , r ) r d r . (3.14) 
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Lounsbury m a d e c h a r g e - d e n s i t y p lo t s of the v a r i o u s wave func t ions . T h e y 
showed that the OCE me thod t ended to bui ld up an e x c e s s of c h a r g e in t he 
bonding r eg ion and a l ack of c h a r g e on the o f f - c e n t e r n u c l e u s . A v e r a g e 
c h a r g e - d e n s i t y p lo ts a l so ind ica ted tha t a l l the o r b i t a l s , excep t t h o s e in ­
volved in bonding, a r e wel l r e p r e s e n t e d by the OCE m e t h o d . O v e r l a p s of 

the o r b i t a l s of the v a r i o u s wave 
TABLE III. Overlaps of Various 

Wave Functions for ' Z ' of NH 

Orbital 
Lounsbury 
with Joshi 

Lounsbury with 
Cade and Huo 

la 
2a 
30 
iTT 

1.00000 
0.99778 
0.99584 
0.99986 

1.00000 
0.99474 
0.98991 
0.99965 

Twelve bas is functions. 

funct ions wi th e a c h o t h e r c o n f i r m 
th i s fact . The o v e r l a p r e s u l t s a r e 
r e p r o d u c e d in T a b l e III. 

F i g u r e 2 p r e s e n t s t o t a l 
c h a r g e - d e n s i t y c o n t o u r p lo t s for 
J o s h i ' s OCE r e s u l t and for the Cade 
and Huo r e s u l t . T h e s e p lo t s w e r e 
d r a w n by the CDC-3600 c o m p u t e r 
us ing a p r o g r a m w r i t t e n by Wahl.*" 
T h e s e p lo t s a l s o show tha t t h e r e is 

a buildup of c h a r g e be tween the c e n t e r s r a t h e r than at the o f f - c e n t e r nuc l eus 
for the expans ion r e s u l t s . That i s , the t h i r d con tour (count ing f r o m the 
nucleus out) for the Cade and Huo wave function p a s s e s on t he ou t s ide of the 
p ro ton (the r i g h t - h a n d nuc leus ) ; for the expans ion r e s u l t s , it is a p p r o x i ­
m a t e l y r ep l aced by the four th con tour . The t h i r d con tour i s b e t w e e n the 
two c e n t e r s . Each contour is 50% of the va lue of the p r e c e d i n g con tou r , the 
i n n e r m o s t contour being the l a r g e s t (1 e " / b o h r ' ) . 

Fig. 2. Total Charge-density Contours for '^E' of NH. Left figure is Cade and Huo 
Hartree-Fock wave function; right figure is Joshi OCE wave function. 
Largest value plotted = 1 e'/bohl^; contour ratio = 0.5. 

The only publ ished T C E r e s u l t s a r e t h o s e of H o y l a n d " ' " for H3, H J , 
and ace ty lene . His r e s u l t s on the s m a l l s y s t e m s w e r e qui te e n c o u r a g i n g ; 
however , the r e s u l t s for a c e t y l e n e w e r e not a s p r o m i s i n g . H o y l a n d ' s con­
c lus ion was that the u s e of the T C E me thod on l a r g e m o l e c u l e s was not 
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justified. However, his use of elliptical orbitals as expansion functions 
jeopardizes this conclusion somewhat because of inherent difficulties in the 
use of these functions.*' The use of STO's as expansion functions overconnes 
most of these difficulties. Thus TCE wave functions constructed from STO's 
might be more appropriate in judging the method. 

D. Characterizat ion of the Method 

The pr imary purpose of this research was to test the feasibility of 
the TCE method for large systenns. To approximately determine an upper 
linnit to the e r r o r inherent in the nnethod (within the constraints of the pro­
grann linnitations), a se r i es of SCF calculations using the IBM-7040 progrann 
was performed on the hydrogen molecule. Instructions on the use of the p ro­
gram are contained in Appendix B. The progrann itself is a modified version 
of the IBM-7090 homonuclear diatomic program of Wahl, which has been 
described elsewhere '" and will not be repeated here . The nnajor modifica­
tion is the inclusion of the new integrals arising in the nnethod. 

The basis functions used are symmetry-adapted complex STO's 
centered on the expansion centers (i.e., A-B). These functions are definedas 

^ n i m = - 7 = ( X a n i m + o X b n £ m ) ' (3.15) 

where the X's a re imaginary STO's described by quantum numbers n, I, 
and m and are centered on a nucleus a or b. 

For gerade symmetry, 0 is defined a% 

a = (-1)"", (3.16) 

and for ungerade symmetry, as 

o = (-1)"""^'. (3.17) 

The expansion centers chosen were not coincident with the hydrogen 
nuclei but were chosen to be 2.281 bohrs apart (the carbon-carbon distance 
in acetylene), with the hydrogen nuclei 2.002 bohrs from each expansion 
center (the carbon-hydrogen distance in acetylene). Effectively this is the 
same as considering the hydrogen molecule with an internuclear separation 
of 6.285 bohrs . The expansion centers had zero charge and therefore served 
only as points in space where the basis functions were centered. 

E. TCE Results for Hydrogen 

The initial choice of a basis set was taken from the work of P a r r 
and co-workers*^ on the hydrogen atom. They attempted to represent the 
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charge density on the atom from an off-center position with a wave function 
of the form 

i/ = Ci(S) + C2(s') + C3(p) + C4(d) + C5(f) + C6(g), (3.18) 

where the C's are the linear expansion coefficients, and s, p, d, f, and g 
represent STO's with i equal to 0, 1, 2, 3, and 4, respectively. Their r e ­
sults for a separation of 2 bohrs between the expansion center and the 
hydrogen nuclei was -0.46056 har t ree or approximately 92.1% of the correct 
result. When this set was used with the omission of the first and last t e rms , 
the results given in Table IV were obtained. 

TABLE IV. TCE Results for Hydrogen at R = 6,283 bohrs 
Using P a r r et al. Basis Set 

42 

B a s i s 
Func t ion 

5 s 

4 p 

5 d 
6f 

Orb i t a l 
Exponent 

2.200 
1.700 
2.200 
2.600 

O r b i t a l 
Coeff ic ients 

0.72194 
-0 .43161 

0.37916 
-0 .04990 

O l •bital E n e r g y , 
h a r t r e e s 

-0 ,23873 

To ta l E n e r g y , 
h a r t r e e s 

- 0 66514 

To have a benchmark for comparison, an SCF solution for the 
hydrogen molecule at R = 6.285 bohrs was obtained. The basis set chosen 
was that published by Wahl and Das*' in their OVC studies of hydrogen The 
basis set was not reoptimized at the larger internuclear distance. It was 
felt, however, that this set would give a reasonable upper bound to the solu­
tion. The results of this calculation are presented in Table V. 

TABLE V. SCF Results for Hydrogen at R = 6.283 bohrs 
Using Wahl and Das Basis Set*' 

Basis Orbital Orbital Orbital Energy, Total Energy, 
Function Exponent Coefficients ha r t rees h a r t r e e s 

-0.31271 -0.811201 I s 

I s 

2 s 
2p 

0 . 9 6 5 

2 . 4 3 

1.16 

1 87 

0 . 4 7 3 5 5 

0 . 1 1 1 9 2 

0 . 4 4 0 0 3 

0 , 0 0 9 2 6 

The Par r et al. set yielded a total energy that was approximately 
82% of the correct results (the resul ts presented in Table V). To see if the 
results could be improved, we made a systematic and exhaustive study. All 
possible combinations of functions with the correct symmetry and within 
program limitations were tried. The results of this study were then 
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condensed down to a small number of bas i s - se t connbinations, which were 
then optimized. These results are presented in Table VI. A total energy 
that was approximately 91% of the correct value was the best result ob­
tained. This agrees quite well with P a r r ' s 92%* at a similar internuclear 
distance (i.e., the distance from the expansion center to the off-center 
nucleus). The present calculations were limited to using functions with 
i values less than or equal to three . P a r r ' s resul ts , using a set truncated 
at i equal to three , gave only 88.4% of the correct value. We feel, there­
fore, that our resul ts represent a good estimate of the TCE results one can 
obtain for this systenn with a limited basis set. This opinion is further 
justified by the convergence of our results as the size of the basis set is 
increased. 

TABLE V I . Best TCE Results for Hydrogen i t R • 6.283 liohrs 

Set 
Number 

1 

II 

Ml 

IV 

Basis 
Function 

2s 
2P 
3s 
3p 
id 

4s 
4p 
50 

4s 
4p 
41 

4s 
2P 
2P 
4p 
4( 
5d 

Orbital 
Exponent 

0.681 
0.7110 
1.00 
0.956 
1,90 

1,4095 
2,2323 
1,9087 

1,4095 
2.2323 
1,000 
1,9087 

1,41 
1,21^ 
2,23a 
2,23 
1,00 
1,91 

Orbital 
Coefficients 

0.76805 
0.53354 

-1.41284 
-0.39558 
-049237 

0.64432 
-0.14827 
0.46021 

0.64076 
-0.16916 
-0,10254 
050160 

064578 
-0,11990 
0.02572 

•0.08490 
-0.10316 
0.49613 

Orbital Energy. 
hartrees 

-0 29089 

-0.28683 

-0.29062 

-0,29192 

Total Energy, 
hartrees 

-0,721630 

-0725125 

-0.734281 

-0.734721 

« 

Percentage 
o( IP 

93.02 

9172 

92.94 

93.3S 

Percentage 0* 
SCF Results 

819t 

89.3t 

905 

9a6 

^Not optimized. 

Our p u r p o s e w a s not to obta in t he b e s t T C E r e s u l t s for t h i s sys tenn, 
but only to d e t e r m i n e an u p p e r l i m i t to the e r r o r in the nnethod and a l s o to 
gain s o m e e x p e r i e n c e in t he s e l e c t i o n of b a s i s func t ions . 

The u p p e r l i m i t to the e r r o r i n h e r e n t in the m e t h o d is defined a s 

^ e r r o r ~ ^ c o r r e c t " ^ T C E 

= -0 .811201 - ( -0 .734721) 

= -0 .0765 h a r t r e e s (3.19) 

*Hayes and Parr*^ have extended this work to include more terms with higher I values. His new results are 
approximately 99.9+% of the correct results. However, for comparative purpose, the older results with its 
limited range of I values are more suitable. 
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The error per proton may then be defined as 

E / n = -0.0765/2 = -0.0382 har t ree . 
e r r o r ' ' 

(3.20) 

To see graphically if the TCE method had the same character is t ics 
as the OCE method, we made contour-density plots of the correc t SCF r e ­
sults and the TCE results (set number IV in Table VI). These resul ts a re 
presented in Fig. 3 for the SCF results and TCE resul t s . Comparing the 
two plots, we see that the SCF result has one contour encircling both nuclei, 
whereas the TCE result has the two outermost contours encompassing both. 
More important is the lack of the two inner contours in the TCE resul ts that 
are present in the SCF resul ts . The main character is t ic of OCE resul ts is 
thus displayed by TCE results , namely, the buildup of charge in the bonding 
region and a deficiency of charge at the off centers . 

1^^^ 
^Hunwrnnm 

RQ^SmSu^l 
•Mi^^JHM^M 

Fig. 3. Charge-density Contours for Hydrogen at R = 6.283 bohrs. 
Largest value plotted = 0.125 e'/bohi-^; contour ratio = 0.5. 
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IV. T C E WAVE FUNCTION FOR A C E T Y L E N E 

A. E l e c t r o n i c S t r u c t u r e and G e o m e t r y 

S C F c a l c u l a t i o n s us ing the s y m m e t r y - a d a p t e d IBM-7040 p r o g r a m ' " 
w e r e p e r f o r m e d on the g round s t a t e f ' ^ i ) of l i n e a r a c e t y l e n e . In th i s 
con f igu ra t ion , the m o l e c u l e be longs to the point g roup Dooh and has the 
e l e c t r o n i c con f igu ra t i on 

10g)Mou) '20g)*20u) '3ag) ' l7T„)*. (4.1) 

In the g r o u n d s t a t e , it is a c l o s e d - s h e l l con f igu ra t ion and is i s o e l e c t r o n i c 
wi th the d i a t o m i c m o l e c u l e n i t r o g e n . The i n t e r n u c l e a r d i s t a n c e s w e r e o b ­
t a ined f r o m H e r z b e r g and a r e 2.281 and 2.002 b o h r s for the c a r b o n - c a r b o n 
bond and the c a r b o n - h y d r o g e n bond, r e s p e c t i v e l y . The c o o r d i n a t e s for the 
e q u i l i b r i u m g e o m e t r y a r e p r e s e n t e d in Tab le VII and shown g r a p h i c a l l y in 
F ig . 4 . The b a s i s s e t w a s o p t i m i z e d a t t h e s e i n t e r n u c l e a r d i s t a n c e s . 

T A B L E VII. E q u i l i b r i u m G e o m e t r y for L i n e a r Ace ty lene* 

A t o m X C o o r d i n a t e Y C o o r d i n a t e Z C o o r d i n a t e 

C, 0 0 0 

Cz 0 0 2.281 
H, 0 0 -2 .002 
H» 0 0 4 .283 

(TVW^ c, y^/ c, A^°ei/^ 
B. B a e i s - s e t Bui ldup 

A p r o c e d u r e for obta in ing the 
b e s t m o l e c u l a r wave function f rom a 

Fig. 4. EquiUbrium Geomeuy for Linear Acetylene g iven s i z e b a s i s s e t has been d e t e r ­
m i n e d by G i l b e r t and Wahl* and the 

m o l e c u l a r g r o u p at The U n i v e r s i t y of Chicago .* ' It w a s felt, h o w e v e r , tha t 
it would be w o r t h w h i l e to i n v e s t i g a t e the u s e of d i a t o m i c r e s u l t s as s t a r t i n g 
po in t s for the p o l y a t o m i c c a l c u l a t i o n s . The p r o c e d u r e adop ted w a s to t ake 
b a s i s set** for the c a r b o n m o l e c u l e and r e p l a c e c e r t a i n funct ions with the 
funct ions m o s t usefu l in r e p r e s e n t i n g c h a r g e on the o f f - c e n t e r p r o t o n s 
ob ta ined f rom the T C E h y d r o g e n s t u d i e s . It b e c a m e a p p a r e n t a f te r a 
n u m b e r of r u n s that t h i s a p p r o a c h p r e s e n t e d s e r i o u s p r o b l e m s . They w e r e : 

1. The added b a s i s funct ions a c t u a l l y r e p l a c e d funct ions in the 
o r i g i n a l s e t r a t h e r than s u p p l e m e n t i n g t h e m . Thus the qua l i ty 
of the s t a r t i n g se t w a s unknown. 

2. The b a s i s s e t w a s o p t i m i z e d a t a d i f fe ren t i n t e r n u c l e a r d i s t a n c e . 
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3 Basis sets with approximately the same total energy, but built 
from different starting sets , had different molecular proper t ies . 

4 There are no well-documented rules for building the basis set. 

These problems contributed to an uncertainty in the convergence of 
the results. There could be no guarantee that the best possible wave function 
would be obtained within the program limitations. It was evident, therefore, 
that it would be necessary to systematically construct the best possible wave 
function. The best technique*''*' is to take an appropriate atomic basis set 
for each atom, supplement this set with "polarization" functions, and com­
pletely optimize the orbital exponents. For the TCE method, this procedure 
was modified to also include functions whose main purpose was to represent 
charge at the off-center nuclei. 

The starting atomic set chosen was the nominal set of Bagus et al. 
for ' P state of the carbon atom. (See Table VIII.) This set was essentially a 
triple zeta set, namely, four s type functions and three p type functions. 
The total energy for the ' P state of carbon using this basis set differed 
by only 0.00007 hartree from the most accurate set. This set was then 
supplemented with .£ a 2 polarization functions, the initial choice of orbital 
exponents being taken from those used in the basis set for the carbon molecule. 

TABLE VIII. Bagus et aL Nominal Basis for the 
'P State of the Carbon Atom 

Bas is 
Funct ion 

I S 

I S 

2 8 
3S 
2 P 
2 P 

2 P 

Orbi ital 

Orb i t a l 
Exponent 

5.385 
9.153 
1.428 
3.076 
1.150 
2.177 
5.152 

e n e r g i e s ^ 
Tota l 

I S 

0.92300 
0.08367 

-0 .00049 
0.00373 

-11.32541 
Ene rgy : -

O r 
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bi ta l Coef f ic ien ts 

2S 

-0 .22226 
-0 .00604 

0.77062 
0.28311 

-0 .70653 
.68855 

2 P 

0.64975 
0.39516 
0.02472 

-0 .43328 

^In atomic units. 

Functions with high n and i value were then added to represent the 
charge in the region of the off-center nuclei. The choice of high n and i 
values was based upon the experience gained in the calculations on hydrogen 
and the preliminary studies on acetylene. Fur thermore (as has been 
discussed), various workers have shown that functions with high n and 
i value are important in the OCE method. The t r ia l orbital exponents 
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were chosen so that the radial maxima of these functions would occur in 
the vicinity of the off-center nuclei. This value was determined by 
differentiating the radial part of the STO with respect to r and setting 
it equal to zero to obtain a maximum. Namely, 

dNr" - ' e -^ ' -

Tr = °' (•»-2) 

( n - l ) r " - ' e - ^ ' ^ - Cr"-'e-'^'- = 0, 

(n - 1) r"-^ = Cr"- ' , 
and 

n - 1 (4.3) 

Because of program-capaci ty res t r ic t ions , the optimal placement of 
these basis functions had to be determined. It was possible to place either 
one function in Og symmetry and one in 0̂ , symmetry, or three functions in 
Og symmetry . Because the 3og orbital is basically the bonding orbital, the 
latter choice was felt to be the best. This choice was later substantiated by 
rennoving the functions from Og symmetry, placing them in o^ symmetry, 
and computing the total energy. The resul ts for this arrangement showed 
little improvement over the set with these functions completely removed. 
With the functions in Og symmetry, however, the energy was substantially 
lower. 

% 
C. Exponent Optimization 

The optimization of the orbital exponents is an important process in 
obtaining the best possible solution. For a complete minimization of the 
energy, the exponents of all basis functions should be varied simultaneously.* 
A procedure for doing this economically has not been worked out, however. 
Therefore, in lieu of this, single optimizations of each exponent were per ­
formed. Presumably , if the optimizations a re done in a suitable order , we 
can expect to obtain a resul t comparable to the complete optimization 
method. However, there is no straightforward way to determine the best 
procedure . The procedure adopted was to first optinnize those functions 
that were most important to the inner orbitals and then those most important 
to the outer orbi ta ls . The cr i te r ion for basis-function importance was the 
magnitude of its expansion coefficient in that molecular orbital. All ex­
ponents were singly optimized once. For economic reasons , no reoptimiza-
tions were performed. The running time for a single optimization run on 
the IBM-7040 was approximately 2 hr. A minimum of four runs were 
necessary to optimize a single exponent. Thus only a single optimization 
could be performed on each exponent. 
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The best value for the exponent was determined by incrementing the 
orbital exponent (in general a 5-10% increment of the -^^g-^^/f^^^^^^^ 
used) until a minimum energy value was determined and bracketed by two 
points These points were then fitted with a second-order polynomial and 
the opUmum exponent determined from it. Wahl and the Chicago group used 
approximately the same method and showed that it led to an e r ro r of no 
more than 0.001 hartree in the final resul ts . The resul ts obtained for 
acetylene were accurate to at least 0.005 har t ree with respect to the best 
possible results obtainable within the program limitations. 

D. TCE Results 

The final energy results for various stages of the bas i s - se t buildup 
are presented in Table IX. The wave functions reported have been computed 
accurately to one part in lO" in the expansion coefficients, and the total 
energy to at least lO'*" har t ree . The final wave functions are presented 
in Appendix D. Various molecular properties computed with these wave 
functions are presented in Table X. Included when available are the 
experimental values for these propert ies. 

TABLE IX. Summary ol Energy Results lor the Basls-set Buildup for Acetylene 

Basis 
Functions 

Functions 
Added 

lonizalion" 
Potential. 
hartrees 

Kinetic Potential 
Energy. Energy, 
hartrees hartreei 

Total 
Energy, 
hartrees 

2p. 2p. 

Set I optimized 

Set II 

Set III optimized 

Set IV 

Set V optimized 

Set VI 

0.38831 

0.39810 

0.3M92 

0.40330 

0.40552 

0.406Z1 

76.5850 

76.4799 

76.5020 

76.5481 

76.5144 

76.5300 

-153.125 

-153,069 

-153.114 

-153.238 

•153.212 

-153.241 

-76.5396 

-76.5891 

-76.6120 

-76.6896 

-76.6979 

-76.7111 

Set VII optimized 

^Cltbert-Bagus nominal 3p cartnn atom set. See Table VII. 
f̂ Compuled liy Koopmans' approximalion.Sl 
CFInal basis set. 

TABLE X. Properlles of Acetylene Wave Function as t Function of Basis-set Buildup 

Basis-set 
Number^ 

lonizalion 
Polential,l> 
hartrees 

Quadrupole q, 
e'ftwtirs' 

Moment Q, 
» 10-26 esu 

Diamagnelic 
<ra>^, Susceptibilitv 
bohrs^ Xi- bor)rs^ 

1 

II 

IV 

VI 

VIII 

Experimental 

-1.99866 

-1.99941 

-2.00144 

-2.00240 

-2,00204 

aSee Table IX. 
''Calculated using Koopmans' 

0.39837 

0,38831 

0.39810 

0,40552 

0.40043 

0.4193*2 

approximation. 51 

14.0001 

14.0000 

14.0001 

14.0001 

14,0001 

87.6603 

88.7548 

91.9176 

96,5965 

94,6667 

13.09S2 

12.3622 

10.2353 

7.0889 

8.3866 

5.0153 

3,054 

79.8627 

78.5366 

79.0518 

79.0518 

78.8780 

-10.2754 

-10.0544 

-10.1403 

-10.1403 

-iaiii3 
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Table XI contains the best TCE results along with other published 
calculations on linear acetylene. Table XII lists the orbital energies for 
these calculations. Table XIII contains the best TCE wave function. 

Figures 5-7 a re plots of the total, potential, and kinetic energies, 
and Fig. 8 is a plot of the ionization potential, all as functions of the 
bas i s - se t buildup. 

Charge-density contours of the total density and all the orbital 
densities a re presented in Appendix E. Also included in this appendix are 
charge-density plots along the z axis for the best TCE wave function and 
for McLean's minimal and Har t ree-Fock wave functions. 

T A B L E XI. S u m m a r y of Ca lcu la ted Resu l t s for Acetylene 

Ionizat ion Potential,' ' Tota l Energy, 
Inves t iga to r Type of Ca lcu la t ion* hartrees hartrees 

McLean" 

McLean and Yoshimine^ 

Griffith and Goodman^ 

Pa lke and Lipscomb^* 

Moskowitz^' 

Buenker , Peyer imhoff , 
and Whit ten '" 

Hoy land" 

P r e s e n t ca l cu la t ion 

E x p e r i m e n t a l 

Min imal STO 

Har t ree-Fock STO 

Min ima l STO 

Min ima l STO 

Gaussian 

Floating Gaussian 

TCE. E l l ip t i ca l 

TCE, STO 

0.44130 

0.41037 

0.394 

0.4056 

0.4023 

0.4131 

0.3951 

0.3993 

0.4193" 

-76.54383 

-76.8540 

-76.682 

-76.6165 

-76.760 

-76.7916 

-76,6668 

-76.7240 

-77.3605" 

^All but the l a s t two r e p o r t e d ca l cu la t ions a r e m u l t i c e n t e r t r e a t m e n t s . 
"Computed using K o o p m a n s ' app rox ima t ion . ' 

TABLE XII. S u m m a r y of Orb i t a l E n e r g i e s ^ for L i n e a r Acety lene 

Orb i t a l 

log 

l O y 

20g 

^' 'u 

3°g 
1 7 T ^ 

*In a t o m i c 

TCE 

-11.22490 

-11.22116 

-1 .01589 

-0 .74270 

-0 .65752 

-0 .40043 

uni ts . 

Hoyland 

-11.2504 

-11 .2468 

-1 .0432 

-0 .7604 

-0 .6762 

-0.3951 

M c L e a n " 
Min imal 

-11.39977 

-11 .39707 

-1 .04135 

-0 .77576 

-0 .68265 

-0 .44130 

M c L e a n " 
H a r t r e e - Fock 

-11.24407 

-11.24035 

-1.02964 

-0 .76985 

-0 .68279 

-0 .41037 

Pa lke and 
L i p s c o m b 

-11.2978 

-11.2951 

-1 .0048 

-0 .7513 

-0 .6563 

-0 .4056 

W h i t t e n " 

-11 .2585 

-11.2548 

-1 .0406 

-0 .7658 

-0 .6835 

-0.4131 



38 

TABLE XIII. TCE Wave Function for Acetylene 

S y m m e t r y - a d a p t e d 

B a s i s F u n c t i o n s 

Q u a n t u m 
N u m b e r s 

I S 

I S 

2S 

3S 
2 P 

2 P 

2 P 

6 P 

3d 
6d 
4f 

6f 

O r b i t a l e n e r 

I S 

I S 
2S 
3S 
2 P 
2 P 
2 P 
3d 
4f 

O r b i t a l e n e r 

2 P 

2 P 

2 P 

2 P 

3d 

4f 

O r b i t a l E n e r 

T o t a l e n e r g y 

O r b i t a l 

E x p o n e n t s 

5 . 3 2 6 4 6 

8 . 6 5 3 0 0 

1 . 5 7 6 5 6 

2 . 8 7 6 0 0 

1 . 1 3 6 3 4 

2 . 0 7 7 0 0 

3 . 5 5 2 0 0 

2 . 7 6 5 4 0 

1 . 4 9 3 0 7 

2 . 4 3 3 7 4 

1 . 7 0 7 5 4 

2 . 8 0 0 0 0 

g i e s , h a r t r e e s 

5 . 3 4 6 1 5 

8 . 8 5 3 0 0 
1 . 2 2 8 0 0 
2 . 8 2 0 3 8 
1 . 4 1 4 3 7 
1 .96481 
3 . 2 0 0 9 0 
1 . 4 5 0 0 0 
1 . 8 0 9 7 4 

g i e s , h a r t r e e s 

1 . 1 7 0 2 4 

2 . 0 0 7 7 0 

4 . 8 5 2 0 0 

5 . 7 5 0 0 0 

2 . 5 3 4 6 2 

2 . 6 0 0 0 0 

g i e s , h a r t r e e s 

= - 7 6 . 7 2 3 9 5 3 h 

lOg 

0 . 8 9 7 3 5 

0 . 1 0 9 3 2 

- 0 . 0 0 0 8 8 

0 . 0 0 5 6 3 

0 . 0 0 0 7 5 

0 . 0 0 1 4 0 

- 0 . 0 0 1 2 2 

- 0 . 0 0 1 2 9 
0 . 0 0 3 1 6 

- 0 . 0 0 2 9 5 

- 0 . 0 0 0 0 1 
- 0 . 0 0 0 1 3 

- 1 1 . 2 2 4 9 0 

K ' u 

0 . 9 0 9 0 1 

0 . 0 9 8 5 4 

0 . 0 0 2 6 3 

0 . 0 0 4 8 4 

0 . 0 0 2 7 3 

- 0 . 0 0 0 5 6 

- 0 . 0 0 1 2 5 

0 . 0 0 1 2 9 

• 0 . 0 0 0 0 4 

- 1 1 . 2 2 1 1 6 

iTTu 

0 . 5 0 9 6 5 

0 . 3 3 6 3 6 

0 . 0 6 7 7 8 

- 0 . 0 2 3 7 9 

0 . 0 3 0 3 2 

0 . 0 1 9 4 1 

- 0 . 4 0 0 4 3 

O r b i t a l C o e 

2 a g 

0 . 2 2 5 9 5 

0 . 0 1 3 8 6 

- 0 . 4 5 8 9 7 

- 0 . 3 9 3 0 2 

- 0 . 0 7 2 7 2 

- 0 . 1 8 0 9 7 

- 0 . 0 1 7 0 6 
0 . 1 6 5 5 2 

- 0 . 1 0 8 6 5 

0 . 0 9 8 1 8 
- 0 . 0 2 6 6 3 

0 . 0 8 7 3 6 

- 1 . 0 1 5 8 9 

2°u 
0 . 2 5 1 9 1 

- 0 . 0 2 1 9 4 

0 . 7 6 6 5 8 

- 0 . 1 2 9 1 4 

2 . 1 3 7 8 7 

- 0 . 9 6 7 5 2 

0 . 1 4 9 2 8 

0 . 0 8 9 0 2 

0 . 2 0 6 1 5 

- 0 . 7 4 2 7 0 

2-Tn 

1 . 5 9 6 0 8 

- 2 . 0 0 3 9 9 

0 . 9 0 5 5 5 

- 0 . 6 0 7 8 8 

- 0 . 0 9 3 2 5 

0 . 0 0 0 1 2 

0 . 6 5 8 6 4 

a r t r e e s P o t e n t i a l e n e r g y 

f f i c i e n t s 

3 o g 

0 . 0 6 5 2 5 

- 0 . 0 2 3 9 9 
0 . 3 7 3 6 3 

0 . 2 2 0 4 2 

- 0 . 3 5 8 0 8 

- 0 . 2 9 2 1 9 
- 0 . 0 8 7 6 8 

- 0 . 4 7 3 2 4 
0 . 0 1 1 5 7 

- 0 . 0 7 2 7 4 

0 . 0 2 0 6 6 

- 0 . 2 4 6 1 2 

- 0 . 6 5 7 5 2 

3a„ 

0 . 2 4 5 7 5 

- 0 . 0 0 0 2 9 

2 , 0 8 3 1 6 

- 0 . 8 8 0 6 2 

0 . 3 1 7 5 5 

0 . 4 1 4 0 4 

- 0 . 2 1 1 1 8 

0 . 9 2 6 9 7 

- 0 . 1 8 7 3 0 

0 . 4 6 1 2 5 

3 - :u 

0 . 1 2 9 8 5 

- 0 . 3 5 9 1 8 

0 . 0 5 2 6 0 
- 0 . 0 3 9 3 7 

0 . 8 9 2 0 8 

- 0 . 1 7 0 3 8 

1 . 8 3 1 1 0 

4 a g 

0 . 0 0 7 2 4 

- 0 . 0 2 2 5 3 

- 0 . 9 7 7 0 6 

0 . 5 1 0 5 0 

6 . 2 6 2 0 5 

- 3 . 6 5 3 9 4 

0 . 6 3 8 8 9 
- 2 . 7 1 4 9 7 

- 0 . 1 7 9 2 0 
0 . 2 1 4 5 0 
0 . 5 1 7 4 3 

- 0 . 4 2 8 4 6 

0 . 2 9 7 4 1 

4 0 u 

0 . 7 1 1 0 3 

- 0 . 1 6 5 9 0 

1 0 . 7 4 0 3 7 

- 0 . 8 7 8 1 0 

8 . 2 8 4 5 5 

- 3 . 6 7 5 8 9 

0 . 2 1 7 0 9 

1 . 1 2 8 6 0 

0 . 5 7 1 1 9 

0 . 6 7 7 1 7 

4 r u 

0 . 3 5 9 4 5 

- 0 . 7 9 1 8 4 

0 . 3 9 4 1 9 
- 0 . 2 6 7 4 5 

0 . 0 2 4 1 8 

1 . 0 5 7 7 9 

3 . 3 7 7 0 6 

= - 1 5 3 . 2 9 1 6 8 h a r t r e e s 
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"SEE T A B L E S 
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BASIS-SET N U M B E R " 
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BASIS-SET N U M B E R " 

Fig. 5. Total Energy for Acetylene as a 
Function of Basis-set Buildup 

Fig. 6. Potential Energy for Acetylene as a 
Function of Basis-set Buildup 
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Fig. 7. Kinetic Energy for Acetylene as a 
Function of Basis-set Buildup 

Fig. 8. Ionization Potential* for Acetylene as a 
Function of Basis-set Buildup 

• computed by Koopmans' approximation. 
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Figures 9 and 10 are plots of the computed potential curves for 
the carbon-carbon stretch and for the carbon-hydrogen s tretch. Table XIV 
summarizes the energy quantities as a function of internuclear distance. 
The wave functions and molecular propert ies at these internuclear separa­
tions are included in Appendix D and Table XV, respectively. 

« -76 715 -

5 -76.725 

76695 

76 TOO 

76 705 

-76 710 

- 7 6 715 

76 7 2 0 

-76 725 
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\ 

\ , 

^ 
INTERPOLATED VALUE FOR R 

1 1 1 

2.002) 

1 

-

-

-

• 

-

-

. 

21 22 23 24 25 26 
INTERNUCLEAR DISTANCE. bohrs INTERNUCLEAR DISTANCE.bOhrs 

Fig. 9. Computed Carbon-Carbon Potential 
Curve for Acetylene 

Fig. 10. Computed Carbon-Hydrogen 
Potential Curve for Acetylene 

TABLE XIV. Summary of SCF Energ ies as a Function of 
In ternuclear Dis tances for Acetylene 

R(C-C), 
bohrs 

Z.l 
2.2 
2.281 ' ' 
2.4 
6.0 
2.227"= 
2.281 
2.281 
2.281 
2.281 
2.281 

R ( C - H ) , 
boh rs 

2 .002* 
2.002 
2.002 
2.002 
2.002 
2.002 
1.8 
1.9 
2.1 
6.0 
2.002d 

V i r i a l 
T h e o r e m 

-1 .99497 
-1 .99919 
-2 .00204 
-2 .00546 
-2 .00479 
-2 .00012 
-1 .99690 
-1 .99970 
-2 .00382 
-2 .00147 
-2 .00204 

Total Energy, 
hartrees 

-76 .7142 
-76 .7256 
-76 .7240 
-76 .7084 
-75 .8109 
-76 .7267 
-76 .6943 
-76 .7172 
-76 .7177 
-75 .8631 
-76 .7240 

^Experimental carbon-hydrogen in te rnuc lea r d i s t ance . 
Experimental ca rbon-carbon in te rnuc lear d is tance , 

cinterpolated value for optimal ca rbon-ca rbon in te rnuc lea r 
distance. 

^^Interpolated value for optimal carbon-hydrogen in te rnuc lea r 
distance. 
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T A B L E XV. Sunnmary of Molecular P r o p e r t i e s as a Function of 
Internuc lear Di s tance for Ace ty l ene 

R(C-C) , 
bohrs 

2.1 
Z.Z 
2.281<= 
2.4 
6.0 
2.22670"' 
2.281 
2.281 
2.281 
2.281 

R(C-H) . 
bohrs 

2 . 0 0 2 * 
2 .002 
2 .002 
2 .002 
2 .002 
2 .002 
1.8 
1.9 
2.1 
6.0 

Ionizat ion 
Potent ia l , ' ' 

h a r t r e e s 

0 .42454 
0 .41074 
0 .40043 
0 .38658 
0 .23950 
0.40731 

Identity 

14.0001 
14.0001 
14.0001 
14.0001 
14.0002 
14.0001 
14.0001 
14.0001 
14.0001 
14.0001 

Quadrupole q. 
e / b o h r « ' 

83 .4644 
89 .5336 
94 .6667 

102.561 
540.831 

91 .2036 
92 .7606 
93.7551 
95.4131 
89 .3168 

Moment Q. 
X 1 0 " " e s u 

15.9198 
11.8384 

8 .3866 
3 .0782 

-291 .645 
10.7154 

9.6684 
8.9997 
7.8847 

11.9842 

v r a ^ . 
b o h r s ' 

72 .2400 
75.8611 
79.8258 
83 .4498 

308.540 
76 .8463 
77.1637 
78.0267 
79.6307 
84 .4998 

Diamagnet ic 
Suscept ib i l i ty 

X^, b o h r s ' 

- 9 . 0050 
-9 . 6085 

-10 .2693 
-10 .8733 
-48 .3883 

-9 .7727 
- 9 . 8 2 5 6 
-9 .9694 

- 1 0 . 2 3 6 8 
- 1 1 . 0 4 8 3 

^Exper imenta l c a r b o n - h y d r o g e n in ternuc lear d i s tance . 
"Computed using Koopmans ' approximat ion . ' 
^Exper imenta l c a r b o n - c a r b o n in ternuc lear d i s tance . 
^Interpolated opt imal c a r b o n - c a r b o n in ternuc lear d i s tance ; s e e Table XIV. 

S p e c t r o s c o p i c c o n s t a n t s w e r e c o m p u t e d f rom t h e s e c u r v e s by a 
Dunhann a n a l y s i s and a r e p r e s e n t e d in T a b l e XVI. 

T A B L E XVI. Computed Spec troscop ic 
Constants for A c e t y l e n e 

Constant 
Computed 

Value, c m " ' 
E x p e r i m e n t a l 
V a l u e . " cm"' 

a)e(C-C) 
aie(C-H) 
Be 

2540 .6 
6048 

1.206 

1974 
3374 

1.838 

E. D i s c u s s i o n of the Resu l t s 

The e n e r g y r e s u l t s for the 
b a s i s - s e t bui ldup as p r e s e n t e d in 
Tab le IX and the plot of the to ta l 
e n e r g y as a function of th is bui ldup 
ind i ca t e that the to ta l e n e r g y is 
c o n v e r g i n g but has not yet r e a c h e d 

the l imi t a t the final b a s i s s e t . H o w e v e r , b e c a u s e of the p r o g r a m r e s t r i c ­
t ions on b a s i s - s e t s i z e , the l i m i t could not be r e a c h e d . 

The e r r a t i c b e h a v i o r of the p o t e n t i a l and k ine t i c e n e r g i e s p lo t t ed 
in F i g s . 6 and 7 is c o n s i s t e n t wi th p a s t e x p e r i e n c e in d i a t o m i c m o l e c u l e s . 
The b e s t e x p l a n a t i o n for th i s b e h a v i o r is the p o o r e r a p p r o x i m a t i o n to the 
b e s t m o l e c u l a r o r b i t a l s in the i n t e r m e d i a t e s t a g e s and the r e l a t i v e s e n s i ­
t iv i ty of the e x p e c t a t i o n va lue of the po t en t i a l and k ine t i c e n e r g i e s to 
t h e s e c h a n g e s . 

The i o n i z a t i o n p o t e n t i a l s c o m p u t e d a c c o r d i n g to K o o p m a n s ' a p ­
p r o x i m a t i o n ^ ' a r e e r r a t i c a t f i r s t and then s e e m to follow an i n c r e a s i n g 
t r e n d unt i l the f inal s e t , w h e r e the va lue d e c r e a s e s aga in . Th i s would 
i n d i c a t e tha t t h i s p r o p e r t y is a l s o qui te s e n s i t i v e to the c h a n g e s in the 
o r b i t a l s . 

The only sa fe p r o p e r t y to follow to d e t e r m i n e the c o n v e r g e n c e of 
the r e s u l t s i s the t o t a l e n e r g y . S i m i l a r t r e n d s for t h e s e e n e r g y q u a n t i t i e s 

*The ionization potential is approximately equal to the negative value of the orbital energy of the highest-
lying, fully occupied molecular orbital. 
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have also been observed in the construction of basis sets for diatomic 
molecules. This would indicate that these trends a re not unique to the 
TCE method. 

The final results for the present calculation and for other published 
calculations are represented in Table XI. The best TCE resul ts a re between 
the minimal-multicenter STO and the extensive-mult icenter Gaussian 
treatments. 

McLean's Hartree-Fock set is assumed ^ to be within 0.002 har t ree 
of the Hartree-Fock value for acetylene. Hence, the e r r o r in the TCE 
calculation is 

Eer ro r = ^HF " ^ T C E = "76.8540 - (-76.7240) 

= -0.13 ha r t ree . (4.4) 

It is difficult to assess exactly what part of this e r r o r is in the poorer 
description of the charge density around the carbon atoms and what part 
from the description of the charge density in the vicinity of the off-center 
nuclei. Assuming that the TCE result for the hydrogen molecule at 
6.285 bohrs constitutes an upper limit to the e r r o r of the description in 
the vicinity of the protons, we can predict the limit of the calculation. 
Namely, if we assume that the representation of the charge density in 
the vicinity of the off-center nuclei for acetylene is equivalent to that 
for hydrogen, then the total e r ror can be partitioned as 

-0.13 har t ree 

and 

maximum er ror for TCE H2 ~ -0.077 har t ree . (4.5) 

Therefore, 

t e r r o r in the region of the carbon atoms = 

-0.013 - (-0.077) = -0.053 har t ree . 

and 

Elimit ~- --76.7240 + (-0.053) ~- -76.777 ha r t r ees . (4.6) 

la^eTtZT 'H ^ ^ P " " ^ " " ' "^^ off-center nuclei with a limited basis set 
Lto the ° r " ! " " ° ' - P P - - - a t e l y the same order of magnitude 
into the carbon-carbon representation. The estimate for the converged 

J 
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limit for the TCE calculations within the constraints of basis function type 
(n £ 6, and .£ £ 3), but not within program capacity, is -76.777 ha r t r ees . 

As described ea r l i e r , the e r r o r increases linearly as the number 
of off-center nuclei. Empirical ly for comparative purposes, the e r r o r per 
off-center proton is 

E g r r o r A = -0.13/2 = -0.065 har t ree . (4.7) 

This e r r o r compares favorably with that reported for the OCE calculations 
by Joshi on NH and Ritter on the OH radical . The final TCE resul ts rep­
resent a lower limit to within 0.005 har t ree of the best TCE resul ts that 
could be obtained with the IBM-7040 program. To obtain the total energy 
limit would require a much larger basis set. To obtain further improve­
ment would require basis functions with higher n and i values than cur ­
rently are allowed. 

The e r r o r in the computed ionization potential may be defined as 

I P H F - I P T C E = 0.41037 - 0.40053 = 0.00984 har t ree , (4.8) 

and the actual e r r o r as 

IPexpertmental - I P T C E = 0-4193 - 0.40053 

= 0.0188 har t ree . (4.9) 

Because of the e r ra t ic behavior of the«ionization potential as a 
function of bas i s - se t buildup, it is difficult to compare the TCE e r r o r in 
the calculated value with a s imi lar value from any intermediate-s ize 
basis set used in producing the Har t ree -Fock resul ts for a diatomic 
molecule. However, comparing the TCE resul ts with those obtained by 
Joshi for NH, namely, 

I P H F - I P Q C E = 0.5376 - O.528I = 0.0095 har t ree (4.10) 

and 

IPexperimental - I P Q C E = 0-4814 - 0.5281 

= -0.0467 ha r t ree , (4.11) 

we see that the difference between the Har t ree -Fock value and the OCE 
computed value is the same as the difference between the Har t ree -Fock 
value and the TCE computed value. The difference between the computed 
value and the experimental value for the two-center resul ts is 0.019 har t ree 
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or about 4.5% in e r r o r . The NH r e s u l t s a p p e a r to be in l a r g e e r r o r ; h o w e v e r , 
the s y s t e m is an o p e n - s h e l l one and K o o p m a n s ' a p p r o x i m a t i o n for o p e n - s h e l l 
s y s t e m s is not s t r i c t l y c o r r e c t . C o m p a r i n g the a c t e y l e n e r e s u l t s w i th the 
i s o e l e c t r o n i c d i a tomic m o l e c u l e n i t r o g e n showed the e r r o r in the i on i za t i on 
poten t ia l for n i t rogen to be 10.1%, whi le for a c e t y l e n e it w a s 4 .5%. T h i s 
be t t e r a g r e e m e n t wi th e x p e r i m e n t i s not unexpec ted , h o w e v e r , b e c a u s e the 
H a r t r e e - F o c k value for ace ty l ene is only 2 .1% in e r r o r . 

Examina t ion of the m o l e c u l a r p r o p e r t i e s p r e s e n t e d in T a b l e X shows 
that in g e n e r a l the t r e n d is a l so e r r a t i c as the b a s i s s e t i s i m p r o v e d . 
Lounsbu ry ' s r e s u l t for NH a l so exhib i ted this e r r a t i c b e h a v i o r . The only 
ava i lab le e x p e r i m e n t a l p r o p e r t y found, o the r than the ion iza t ion po ten t i a l , 
was the m o l e c u l a r quadrupole m o m e n t . The c a l c u l a t e d e r r o r was a p p r o x i ­
mate ly 3.4 X 1 0 " " esu . 

Table XII ind ica te s that those o r b i t a l s not involved in the c a r b o n -
hydrogen bonding (the l ag , l a ^ , 2cg, and ITTU) have o r b i t a l e n e r g i e s that 
nea r ly app rox ima te the H a r t r e e - F o c k va lue . The bonding o r b i t a l s , the 
20u, and p r i m a r i l y the 30g o r b i t a l have the l a r g e s t dev ia t ion f r o m the 
H a r t r e e - F o c k va lue . The t r e n d for a l l the o r b i t a l e n e r g i e s is tha t they 
a r e h igher than the H a r t r e e - F o c k va lue . 

Examina t ion of the s p e c t r o s c o p i c cons t an t s p r e s e n t e d in T a b l e XVI 
ind ica tes that except for the ro ta t ion cons tan t (Eg) the r e s u l t s a r e p o o r . 
This l a t t e r cons tant is quite good s ince the d e t e r m i n e d i n t e r n u c l e a r d i s ­
t ances (see Table XIV and F i g s . 9 and 10) a g r e e qui te we l l with the e x p e r i ­

m e n t a l v a l u e s . T h a t the 
TABLE XVII. Comparison of Calculated c a r b o n - h y d r o g e n i n t e r n u c l e a r 

Spectroscopic Constants for Various Systems d i s t a n c e i s e x a c t l y e q u a l tO t h e 

e x p e r i m e n t a l va lue is a s s u m e d 
to be a c o n s e q u e n c e of our 
b a s i s s e t . 

T a b l e XVII i n d i c a t e s 
that our r e s u l t s for the o t h e r 
c o n s t a n t s a r e qui te p o o r in 
c o m p a r i s o n wi th c a l c u l a t i o n s 
on o the r s y s t e m s . In g e n e r a l , 
our c a l c u l a t e d v a l u e s a r e 
much l a r g e r . 

The potent ia l c u r v e s ( F i g s . 9 and 10) f rom which t h e s e c o n s t a n t s 
w e r e computed w e r e produced without r e o p t i m i z a t i o n of the b a s i s s e t a t 
each computed point. It has been s h o w n , " howeve r , tha t a r o u n d the 
m i n i m u m the re is sufficient f lexibi l i ty in a l a r g e b a s i s so tha t r e o p ­
t imiza t ion is not n e c e s s a r y . 

Constant 

UJe 

cue 

a)e(C-C) 

a)e(C-H) 

Be 

Be 

Be 

Calculation 

N J " (Hartree-Fock) 

N H ' * (OCE) 

CjH; (TCE) 

CjHj (TCE) 

N; (Hartree-Fock) 

NH (OCE) 

CzH; (TCE) 

Er ro r , % 

15.8 

10.2 

28.7 

79.0 

6.1 

2.8 

1.88 
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Before reviewing the poor per formance of the TCE wave function, 
we note that H a r t r e e - F o c k potential c u r v e s are poor, in genera l , for 
s p e c t r o s c o p i c cons tants . Except in spec ia l c a s e s , rather than d i ssoc ia t ing 
to the proper mixture of a t o m s , H a r t r e e - F o c k solut ions d i s s o c i a t e to a 
mixture of ions and a t o m s , thus causing the potential curve to r i se m o r e 
s teeply than it should. 

Cade and Huo have shown, for the diatomic hydrides A-H, that the 
H a r t r e e - F o c k potential curves give rather good spec troscop ic constants . 
However , the re su l t s for homopolar diatomic m o l e c u l e s such as nitrogen 
are rather poor. The poor per formance for acety lene can be rat ional ized 
on the bas i s that at the H a r t r e e - F o c k l eve l the re su l t s would be quite poor 
because ace ty lene is a l so a homopolar m o l e c u l e . The re su l t s should be 
even poorer because the TCE calculat ion is not at the H a r t r e e - F o c k leve l . 

To obtain graphical ly a better idea of the relat ive quality of the 
wave function, c h a r g e - d e n s i t y plots along the Z axis (bond ax i s ) of the 
TCE wave function and McLean's wave functions w e r e made. These plots 

for the total and orbital dens i t i e s 
(presented in Appendix E) show 
that the TCE orbita ls and 
McLean's orbi ta ls are s i m i l a r . 
The major difference occurs in 
the bonding 3og orbital . Figure 11 
points out that the bas ic def i ­
c iency in an expansion wave 
function is the lack of charge in 
tke vicinity of the of f -center 
nuclei . The charac ter i s t i c fea­
ture of expansion methods a l so 
appears , namely, the buildup of 
charge in the bonding region. 
Density difference plots of these 
resu l t s are a l so presented in 
Appendix E and graphical ly point 
out what was just said. Calcula­
tions of the average density (that 
i s , the charge on any plane p e r ­
pendicular to the Z a x i s , for the 
TCE and McLean wave functions) 
indicate that the same trends are 
observed . The wave functions 
are nearly identical in all regions 
of space except in the carbon-
hydrogen bonding region and at 
the of f -center proton. 

.0H55' 

1.980 S . t ' O 

Z IBOHRSl 

Fig. 11. Charge-density Plots of the Acetylene 30g Orbital 
for Various Computed Wave Functions 
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When compared with the published plots^° for the carbon molecule, 
the contour-density plots of acetylene in Appendix E show that there is a 
good deal of distortion along the Z axis. The total density has gone from 
nearly circular contours to elliptical contours. There is no indication, 
however, of any contours surrounding the protons. Moving out 2.002 bohrs 
from a carbon atom, we find that in carbon the protons would have been in 
a region of charge of 0.0625 to 0.03125 e- /bohr , whereas in acetylene the 
charge has been distorted so that they are in a region that is between 
0.125 and 0.0625 e-/bohr^. All the o orbitals show this distortion, 
especially the 3ag bonding orbital. The TT molecular orbital has, however, 
remained relatively the same. 

d 
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V. TCE WAVE FUNCTION FOR ETHYLENE 

A. Electronic Structure and Geometry 

SCF-TCE calculations using the CDC-3600 symmetryless TCE 
program were performed on two configurations of ethylene. The features 
and limitations of the program are briefly described in Appendix C. 

The two configurations considered were the planar and twisted 
90° forms. Intermediate positions were not considered since they do not 
satisfy the condition imposed by Eq. 3.9, namely. 

X si" ("̂ 0p) = 0. (5.1) 

The coordinates for the equilibrium geometry for the planar and 
twisted forms are presented in Table XVIII and shown graphically in Fig. 12. 
The bond lengths used were 2.551 and 2.022 b o h r s ' ' for the carbon-carbon 
and carbon-hydrogen internuclear distances, respectively. The HCH angle 
was taken to be 120°. More recent da ta ' ' indicate a slightly shorter carbon-
carbon bond and a smal ler angle; however, this difference was not expected 
to have a significant effect on the resu l t s . The same bond lengths and angles 
were used for both configurations. 

TABLE XVIII. Equilibrium Geometry^ for Planar and 
Twisted 90° Ethylene 

Atom 

C I 

C2 

H I 

H2 

H3 

H4 

H3'^ 

H4 ' 

X Coordinate 

0.0 

0.0 

1.7511301 

-1.7511301 

1.7511301 

-1.7511301 

0.0 

0.0 

Y Coor 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

• d i n a t c 

1.7511301 

-1 .7511301 

Z Coordinate 

0.0 

2.5511602 

-1.0110153 

-1.0110153 

3.5621755 

3.5621755 

3.5621755 

3.5621755 

^In atomic units. 
The pr imed coordinates replace the unprinned coordinates for the 
twisted 90° configuration. 
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H j l * = 180°) 

H J (^ • OT HI, a ' O'l 

H4 (• * 90°) 

H j l * • 0°) H,(4 = 270") 

Fig. 12. Equilibrium Geometry for Planar 
and Twisted 90° Ethylene 

In the p l a n a r con f igu ra t i on , 
e thy lene be longs to the point g r o u p 
Djh and h a s the e l e c t r o n i c c o n ­
f igura t ion 

lag)2lau)^2ag)^2au)^lb3u)^3ag)2 

lb2g) ' lbau) ' . 'Ag, (5 .2 ) 

which is a c l o s e d - s h e l l s y s t e m 
i s o e l e c t r o n i c wi th the d i a t o m i c 
m o l e c u l e oxygen. In the t w i s t e d 90° 
conf igurat ion,* the m o l e c u l e be longs 
to the point g r o u p D^d and h a s the 
e l e c t r o n i c con f igu ra t i on 

la ' )2 la" )22a ' )^2a")Me ' )^3a ' )2 

l e " ) 2 2 e ' ) ^ ' B . (5 .3) 

The c o r r e l a t i o n be tween the s y m m e t r y s p e c i e s for the two con f igu ra t i ons 
is p r e s e n t e d in Table XIX. 

TABLE XrX. C o r r e l a t i o n of the S y m m e t r y Spec i e s 
for the Two Conf igura t ions of E thy lene 

P l a n a r Configurat ion 

Dzh 

Twis ted 90° Conf igura t ion 

Dzd 

°g 
a' 
a" 

°2g 

B . B a s i s - s e t Buildup 

The b a s i s se t was c o n s t r u c t e d us ing an ana logous p r o c e d u r e to 
that d e s c r i b e d for ace ty l ene . The s t a r t i n g s e t c h o s e n was the Bagus e t a l . ' " 
nominal se t for the ' P s ta te of the c a r b o n a tom given in Tab le VIII. To 
this s e t was added a 3dTr p o l a r i z a t i o n function wi th the o r b i t a l exponen t 
taken from the ace ty lene b a s i s s e t . High n and i va lue func t ions , which 
t r a n s f o r m e d accord ing to the point g roup of the m o l e c u l e , w e r e then added . 
The orb i ta l exponents for t he se functions w e r e d e t e r m i n e d in the s a m e 
m a n n e r as that d e s c r i b e d e a r l i e r for a c e t y l e n e . The m a i n p u r p o s e of t h e s e 

*This configuration ii obtained by twisting one CH2 group 90° relative to the other CH2 group. 
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functions was to represent the charge in the regions of the off-center nuclei. 
The total number of basis functions chosen was 42. For economic reasons, 
the same basis set was used for both configurations, and no attempt was 
made to optimize the set. 

C. TCE Results 

The final TCE resul ts for the planar and twisted 90° configurations 
and other published calculations for ethylene are presented in Tables XX 
and XXI. The wave functions for both configurations have been computed 

TABLE XX. Summary of Calculated Results for Ethylene 

InveBtigatora 

Palke and 
Lipacomb'* 

Kaldor and 
Shavitt" 

Moskowitz 
and Harr ison^ 

Schulman, 
Moakowitz, and 
HoUiater" 

Ritchie and 
King" 

Buenker, 
Peyerimhoff, and 
Whitten" 

Present 
calculation 

Experimental 

Type of Calculation^ 

Minimal-basis STO 

Minimal-basis STO ^^^."^' . „^„ Twisted 90" 

Gaussian 

Contracted Gaussian 

Contracted Gaussian 

Floating Gaussian 

TCE, STO P ' * . " " , „„. Twisted 90° 

Ionization 
Potential.6 
hartrees 

0.3709 

0.3691 
0.2314 

0.3814 

0.3736 

-

0.3676 

0.3560 
0.2381 

0.3852" 

Total 
Energy, 
har t reei 

-77.8343 

-77.8355 
-77.6301 

-77.8002 

-78.0062 

-77.9483 

-78.0012 

-77.5537 
-77.3900 

-78.6166" 

All but the last reported calculations are nnulticenter treatments. 
Computed using Koopmans' approximation.*' 

TABLE XXI. Summary of Orbital Energies^ for Planar Ethylene 

Orbital 

'=g 

l=u 

^=8 

2au 

Ibiu 

^^8 

lb,g 

Ibju 

T C E 

-11.1953 

-11.1937 

-1.0049 

-0.7574 

-0.6103 

-0.5405 

-0.4618 

-0.3560 

Kaldor 
and 

Shavitt" 

-11.2794 

-11.2787 

-1.0130 

-0.7815 

-0.6431 

-0.5605 

-0.5054 

-0.3691 

Palke and 
Lipscomb'" 

-11.2875 

-11.2868 

-1.0144 

-0.7823 

-0.6438 

-0.5616 

-0.5061 

-0.3709 

Moskowitz 
and Harr i son" 

-11.2395 

-11.2379 

-1.0397 

-0.7959 

-0.6549 

-0.5812 

-0.5145 

-0.3736 

Buenker. 
Peyerimhoff. and 

Whitten" 

-11.2341 

-11.2326 

-1.0324 

-0.7987 

-0.6462 

-0.5847 

-0.5064 

-0.3676 
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accurately to one part in 10,000, and the total energy to at least 
1 x 10"' har t ree . The final wave functions are presented in Tables XXII 
and XXIII for the planar and twisted 90° configurations, respectively. 
Molecular properties were computed with these wave functions and are 
presented in Table XXIV for the planar and twisted 90° configurations. 
Various energy expectation values for the two configurations are presented 
in Table XXV. Charge-density contours of the total density and all the 
orbitals (in the xz plane only) are presented for both configurations in 
Appendix F . 

TABLE XXII. ICE Wave Function (or Planar Einylene 

Fi 

n 

1 

I 
2 

3 

2 

2 
2 

3 

8 

2 

2 
2 

3 

8 

8 

2 

2 

2 

3 
8 

8 

1 

1 
2 

3 

2 

2 

2 
3 

8 

2 
2 
2 
3 
8 
8 
2 
2 
2 

3 

8 

8 

Basis 

nctions 

/ m 

0 0 

0 0 
0 0 

0 0 

I 0 

1 0 
1 0 

2 0 

2 0 

1 -1 

1 -1 

0 0 

0 0 
0 0 

0 0 

1 0 

1 0 

1 0 
2 0 

2 0 

1 1 

1 1 

1 1 

2 1 
2 I 

2 2 

1 -1 

I -1 

1 -1 

2 -1 

2 -1 

2 -2 

Orbilal 

Exponent 

5.38200 

9,15300 

1.42800 

3.07600 
1.15000 

2.17700 

5.15200 

1.49300 
3.50000 

1.15000 

2.17700 
5.15200 

1.49300 

3.50000 

350000 

1.15000 

2.17700 

5.15200 

1.49300 
3.50000 

3.50000 

5.38200 

9.15300 
1.42800 

3.07600 

1.15000 

2.17700 

5.15200 
1.49300 

3.50000 

1.15000 

2.17700 

5.I520O 

1.49300 
3.50000 

3.50000 

1.15000 

2.17700 

5.15200 

1.49300 

3.50000 

3.50000 

Orbital Energies 

Center 

A 

A 

A 

A 
A 

A 
A 

A 

A 

A 

A 
A 

A 

A 

A 

A 

A 

A 

A 
A 

A 

B 

B 
B 

B 

B 

B 

B 
B 

8 

B 

B 

B 

B 
B 

B 

B 

B 

B 

B 

B 

B 

hartrees 

cm 

065215 
005898 

•000069 

000532 

-000060 

000073 
-000024 

000066 
-000092 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 
OOOOOO 

O00C08 

OOOOOO 
OOOOOO 

aooooo 
0.00000 
OOOOOO 

000008 

065211 

005898 
-000069 

0.00532 

-000060 

000073 

-000024 
0.00066 

-000092 
OOOOOO 
OOOOOO 

OOOOOO 
OOOOOO 

aooooo 
000008 

OOOOOO 

OOOOOO 

0.00000 

aooooo 
0.00000 

000008 

•11.1953 

CI2I 

-065220 
-005905 

000530 

-000590 

000265 

-000035 
000017 

000023 
000029 

OOOOOO 

OOOOOO 
OOOOOO 

OOOOOO 

OOOOOO 
-0.00024 

OOOOOO 

OOOOOO 

OOOOOO 
OOOOOO 

OOOOOO 
-0.00024 

065225 

0,05905 

-000530 

000590 

-0,00265 

0,00035 
-0.00017 

-000023 

-000029 

OOOOOO 

aooooo 
OOOOOO 

0,00000 

OOOOOO 
0,00024 

OOOOOO 

OOOOOO 

OOOOOO 

aooooo 
OOOOOO 
000024 

-11,1937 

CI 31 

016204 

000151 

•042619 

-018711 

005264 

-012751 

000161 

-004200 
0,04699 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 
OOOOOO 

-003311 

OOOOOO 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

-0,03311 
016204 

000151 

-042621 
-018711 

0,05263 

-012751 

000161 

-0,04200 
0,04698 

OOOOOO 

OOOOOO 

0,00000 
OOOOOO 

0,00000 

•003311 

OOOOOO 

OOOOOO 

OOOOOO 

aooooo 
aooooo 

-O03311 

-1.0049 

CI4I 

012967 

-0,(«)031 

•0,57010 

-0,05298 

0,26196 

O08CB4 

000655 

0.03119 
000109 

OOOOOO 

OOOOOO 
OOOOOO 

OOOOOO 

OOOOOO 
•009968 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 
-009968 

-012967 

000031 

0,57010 

0,05298 

-026196 
-008004 

-000655 
-0,03119 

-0,00108 

aooooo 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

0,09968 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

0,09968 

-0,7574 

Orbital Co«rricients 

CI5I 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

aooooo 
OOOOOO 

OOOOOO 

OOOOOO 
035000 

011271 

0,00979 

-0,03094 

-0,05923 

OOOOOO 
-035000 

-011271 
•0,00979 

0,03094 

005923 

OOOOOO 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 
OOOOOO 

aooooo 
OOOOOO 

aooooo 
aooooo 
0 35000 

011271 

0,00979 
•0,03094 

•0,05923 

aooooo 
-035000 

-011271 

-000979 

003094 

005923 

OOOOOO 

-0,6103 

CI6I 

0,01277 

-0,00086 

039346 

-010512 

-0,48998 

-0,20932 

•0,02361 

-0,05950 

•000798 

OOOOOO 

OOOOOO 

OOOOOO 
OOOOOO 

aooooo 
005120 

aooooo 
aooooo 
aooooo 
aooooo 
aooooo 
005120 

001278 
-000086 

0,39347 

•0,10512 

-0,48998 

•020932 

-002361 

-005950 

•0,00798 

OOOOOO 

aooooo 
aooooo 
OOOOOO 

OOOOOO 

005120 

aooooo 
OOOOOO 

aooooo 
aooooo 
OOOOOO 

O05120 

-O5405 

C(7I 

aooooo 
OOOOOO 

OOOOOO 

OOOOOO 

aooooo 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

-0,42023 
-0,05859 

-001814 
011791 

008521 

OOOOOO 

0,42023 
0,05859 

001814 

-011791 

-008521 
OOOOOO 

OOOOOO 

aooooo 
aooooo 
OOOOOO 

OOOOOO 

0.00000 

OOOOOO 

aooooo 
OOOOOO 

042023 
005859 

001814 

-011792 

-008521 

OOOOOO 

-0,42023 
-0,05859 

-001814 

011792 

008521 

OOOOOO 

-04618 

CI8I 

aooooo 
aooooo 
aooooo 
OOOOOO 

aooooo 
OOOOOO 

aooooo 
aooooo 
OOOOOO 
029940 

013912 

0,01226 
003687 

-002067 

ooa»o 
0,29940 

013912 

001226 

003687 

-002067 

OOOOOO 

aooooo 
aooooo 
aooooo 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 
029940 

013912 

001226 
003687 

-002067 

OOOOOO 

0,29940 

013912 

001226 

003687 

-002067 

OOOOOO 

•03560 

CI9I 

aooooo 
OOOOOO 

OOOOOO 

aooooo 
OOOOOO 

OOOOOO 

aooooo 
aooooo 
aooooo 

-057576 

-003126 
-002571 

008192 
•000837 

OOOOOO 

•057576 

•003126 
•002571 

0,08192 
-000837 

aooooo 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

aooooo 
OOOOOO 

OOOOOO 

OOOOOO 

057576 
0,03126 

002571 

-008192 

000837 

OOOOOO 

057576 

003126 

002571 

•008192 

000837 

aooooo 

01780 

CHOI 

-004071 

002724 

-4,79202 
064709 

-3,57204 

1,12624 

-009360 

•030599 

•032590 

aooooo 
aooooo 
aooooo 
aooooo 
OOOOOO 

005208 

aooooo 
aooooo 
oooxn 
OOOOOO 

OOOOOO 

005208 
0,04072 

-002725 

4-79202 

-064707 

3,57201 

-1.12621 
009359 

030603 

032582 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 
-005207 

aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

•O05207 

03960 

Total energy • -77.5537 hartrees. 
Potential energy • -155,080 hartrees. 
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TABU XXIII, ICE Mv> funetjoi lor I n U M M" EInnine 

Basi 

FunctM 

n i 

1 0 

1 0 
2 0 
3 0 

1 0 
1 0 
2 0 
3 0 
2 1 
2 1 
2 1 
3 2 
8 2 
2 1 
2 1 
2 1 
3 2 
8 2 
8 2 
2 1 
2 1 
2 1 
3 2 
8 2 
8 2 

m 

0 

0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 

OrtMUt 
Liponcnt 

5.3B20O 

9 15300 
142800 
3.07(00 
I.ISOOO 
2.17700 
5.15200 
l.«300 
3.50UOO 
1.15000 
2.17700 
5.15200 
1.M300 
1.50000 
3.50000 
I.ISOOO 
2.17700 
5.15200 
1.49300 
3.50000 
150000 
5.38200 
9.15300 
1.42800 
1.07600 
1.15000 
2.17700 
5.15200 
1.49300 
3.50000 
1.15000 
2.177W 
5.15200 
149300 
3-50000 
3-50000 
1-15000 
2.17700 
5.15200 
1.49300 
3.50000 
3.50000 

OrMUl Energiei, 

Ccntar 

B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 
B 

hanrMS 

Cil) 

a6M17 
0.05869 

•0.00073 
000542 

-0.00069 
aooKi 

- 0 0 0 0 1 5 

OOOOM 

-0.00095 

aooooo 
aooooo 
aooooo 
aooooo 
aooooo 
aooo22 
aooooo 
aooooo 
aooooo 
aooooo 
aooooo 
aoooi3 
065510 
005922 

-0.00078 
a00M7 

-a00072 
000082 

-aOOD15 
a00064 

-0.00095 
aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

-C.O00S2 

aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

-UOOOl l 

-II. im 

a2i 

-0.65517 

- O . 0 5 9 D 

0.00541 

- 0 0 0 6 0 3 

0 0 0 7 7 2 

- 0 00042 

aooooB 
0.<XOR 

aoDoes 
aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

-oooooe 
aooooo 
o.ooooo 
aooooo 
OOOOOO 

aooooo 
-0 00013 

0 6 4 9 2 5 

0 0 5 8 7 6 

-0.00540 

a 0 0 5 9 8 

-0.00272 

aooott 
-0.00008 

-0.00026 

-aoooe? 
aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

•O.0O0O7 

aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

-aaooi3 

- 1 1 1 8 9 1 

cat 

a 16177 

aooiS3 
-0.42559 
-0.18799 

a05M5 
-0-13199 
000212 

-ooim 
a O I 9 3 9 

OOOOOO 

OOOOOO 

aooooo 
aooooo 
aooooo 

-0 05715 

aooooo 
OOOOOO 

0 0 0 0 0 0 

aooooo 
aooooo 

•0 05187 
a 16177 
aODI53 

•0 42562 
- a 18798 
a05644 

•0.13199 
a00211 

-0.01)90 
0 04939 

aooooo 
OOOOOO 

aooooo 
0.00000 

OOOOOO 

0 0 5 7 1 5 

aooooo 
OOOOOO 

aooooo 
aooooo 
aooooo 
a 0 5 1 8 7 

-1.0015 

04) 

a 13068 

-0.00020 

- a 5 7 3 1 8 

' 0 0 5 7 5 0 

a 2 5 7 6 6 

aoeois 
000663 
0032)2 

-0.00011 
aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

- a 0 5 5 7 6 

0 0 0 0 0 0 

aooooo 
OOOOOO 

aooooo 
OOOOOO 

- 0 06143 

-0.1 KM 
ODOOn) 
0571)8 
005749 

-0.25767 
-aa8019 
-00066) 
-aO)2)2 
aoooii 
aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

- a 0 5 5 7 6 

aooooo 
aooooo 
aooooo 
aooooo 
aooooo 

•a06143 

-0.7M4 

OrtitJl CoeflkMnts 

Ci5» 

aooooo 
aooooo 
aooooo 
aooooo 
OOOOOO 

OOOOOO 

0 0 0 0 0 0 

aooooo 
aooooo 

-026488 
-0 02945 
-0 01097 

0 07682 
00619) 

aouooo 
0*30)9 
015SI 
0 01282 

-0 0)016 
-0 06756 
OOOOOO 

OOODOO 

OOGOOD 

aooooo 
OOOOOO 

OOOOOO 

aooooo 
aooooo 
aooooo 
OOOOOO 

0 26493 

0 0 2 9 4 6 

a01097 

- 0 07682 

-0 06192 

0.00000 

0 4 ) 0 1 3 

0 15382 

aoiTi) 
-0 0»17 
-0.06756 
aooooo 

-a56n 

CI6I 

001)93 
-onocm 
a )9743 

0 1065] 

- 0 4 9 6 4 8 

-0 20270 

- a 0 ? 4 1 5 

- a 06379 

-aoio» 
aODDDD 

aooooo 
aooooo 
aooooo 
QOOOOO 

0 0 7 9 2 5 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOB510 

0 01)91 
-0 00O94 
0)9742 

-010651 
-049647 
-0 20270 
-007415 
-006379 
-001054 
aooooo 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

- 0 0 7 9 2 4 

aOGOOD 

0 0 0 0 0 0 

OOOOOO 

OOOOOO 

aooooo 
-ooeio 

-0507 

C"7i 

OOaODD 

OOOOOO 

OOODDD 

OOOOOO 

OOOOOO 

OOOOOO 

aooooo 
OOOOOO 

aooooo 
041995 
01)112 
001281 

-001421 
-0 06922 
OOOOOD 

-onn 
-004606 
^ l 01275 
a 08877 
006)48 
OOOOOO 

OOOOOO 

OOOOOO 

OOOOOO 

OOODOO 

aooooo 
aooooo 
OOODOO 

OOOOOO 

aooooo 
041991 
01)111 
001281 

-001422 
-O0642I 
OOOOOO 

09627 
004604 
001275 

-oanr7 
-006)47 
OOGOOO 

-a tJB 

C9i 

aooooo 
aooooo 
OOOOOD 

OODODD 

OOODDD 

OODODD 

OOODOO 

OOOOOO 

OODODD 

-018070 
-012878 
-000945 
-007541 
-001998 
aooooo 

-055971 
-008486 
-002*4) 
OI1092 
00*473 
OOOOOD 

QOOOOO 

OOOOOO 

aooooo 
aooooo 
aooooo 
aooooo 
aooooo 
QOOOOO 

aooooo 
-018070 
012878 

-00096 
-007541 
-O01997 
OOOOOD 

0 5 5 9 7 1 

0 0 8 4 8 6 

00244) 

-aiio«) 
- 0 0 1 4 7 2 

OODOOD 

•02BI 

Clft 

OODODD 

OODOOD 

OOODDD 

OOOOOO 

OOOOOO 

OOOOOO 

OODODD 

OODOOD 

066101 
oonts 
0010*1 

-012105 
-004047 
QOOOOO 

01699* 

010119 
00097) 
004161 
0021)7 
OODODD 

aooooo 
aooooo 
OOOOOD 

OODODD 

OOODDD 

OOOOOO 

OODODD 

OOOOOD 

OOOOOO 

- 0 6 6 8 0 8 

- 0 0 2 0 6 8 

- 0 0 3 0 9 3 

0 1 2 1 0 5 

0 0 4 0 4 7 

OODOOD 

0 1 6 9 9 9 

0101)9 

oao9n 
001162 
0021)6 
ooDoao 

ooaos 

cnoi 

-ooaai 
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1 115*5 
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-02*987 
-012265 
OODOOD 

0 0 0 0 0 0 

OOODOO 

OODODO 

OODODD 

00)102 
OOODOO 

OODODD 

0 0 0 0 0 0 

OOOOOO 

OOOOOO 

00)700 
004027 

-OOJ70I 
4.77815 

-0 64Kn 
156247 

-I1159I 
ao9)» 
024*11 
0)2257 
OOOOOO 

OOOOOD 

OOOOOO 

OOODOO 

OOODOO 

O O X O l 

OOOOOO 

OOOOOD 

OOODOO 

OOOOOO 

aooooo 
a O ) 7 0 D 

OMO 

TdUl tnargy • -77.3900 hirlrMi. 
M t n l l i l tntrqy • -155 078 hirtrws. 

Proflirty 

Total inorgv 

Virial tltoortffl 

Idrnitlly 

S l n % , , l 

Coi'lafr,! 

H'-rJ 
l/r, 

Z 

( 
•i 

Plliwr 
Conflguritlon 

-77.55)7 

-2.000)5 

15.9998 

11.1417 

755424 

112-)96 

1S.6960 

171442 t 10-5 

27 9170 

104.645 

TABLE XXIV. Comp 

TwIiM 900 
Contigurdion 

•77)900 

-1.99617 

15.9941 

11.1544 

7,55612 

112.«2 

18.7105 

-1.49954 1 ID"? 

27 8951 

101550 

ltd MolKula' '-rofwrtm' lor Planar and Imtlad V> Elfiyltna 

EjjMTKntnlat 
RaiuH Propwly 

^l 
x2 

V 

lonliilion polenl^al'' 

Sio^Wrfti 

Cos^O r̂bl 

n'-i 
i-'o 
, 2 

4 

Planar 

C w i l i q u r a t w n 

Ttym 

32.2978 

189120 > 10-) 

0)560 

T M I M 9CP 

ConltguraiMn 

72.5104 

32 0)92 

-5 20092 1 10"' 

02381 

111522 

7 55618 

1111)5 

I&70N 

101626 

72.5869 

LvariMtnial 
RttuN 

03852^ 

'Va'uti in atomic units. 
''Computed usin9 Kcopmani' aporoiini 
^Fof Iha planar confiQuration.'l 

TABlt XXV. Cakulatcd Enerqiei lor Planar and TwiHed 9f> tthylene 

T o u t wnurqt 

r» 

V| 
Vnt 

EjqMCtalion Value 

Planar 
ConTiguralton 

-n.55)7 
n.S263 

-155.080 
-247 1S9 

hartrees 

Twiied 90O 
Conri9ur)tion 

-n.yno 
77.6879 

-155.078 
-247.157 

*te 
Vnn 
VfT 

Enwdalion Value 

Planar 
Configuration 

-2165*4 
58.6966 
313824 
-2.00036 

hanreet 

T«ded 400 
Conligu ration 

•215788 
5&712D 
313670 
-1.94616 

*Tha symtols used in thii tMa arc Minad on p. 10. 
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D. R e s u l t s for P l a n a r Conf igura t ion 

To d e t e r m i n e the e r r o r in the t w o - c e n t e r e x p a n s i o n r e s u l t s , the 
H a r t r e e - F o c k e n e r g y had to be e s t i m a t e d . Using the r e s u l t s ob t a ined for 
c a r b o n m o l e c u l e , a c e t y l e n e , and p l a n a r e thy lene by Whi t ten et al_.,"' we m a d e 
the following e s t i m a t e : 

^ e r r o r in C^ " -^HF " -^Whitten 

= -75.4062 - ( - 7 5 . 3 5 ) 

= -0 .0562 h a r t r e e ; (5.4) 

^ e r r o r in CjH^ = ^ H F " ^ W h i t t e n 

= -76.8540 - ( -76.7916) 

= -0.0624 h a r t r e e . (5.5) 

If the e r r o r in the c a r b o n - c a r b o n ske le ton is assunned c o n s t a n t b e t w e e n 
c a r b o n m o l e c u l e and ace ty lene , the e r r o r p e r h y d r o g e n m a y be def ined as 

^ e r r o r C^H; ' ^ e r r o r C; 
e r r o r / h y d r o g e n ~ 2 

-0.0624 - (-0.0562) 
2 

= -O.OO62/2 = -0 .0031 h a r t r e e . (5.6) 

The H a r t r e e - F o c k ene rgy for e thy lene is then 

^ H F C2H4 = ^Whi t t en + ^ e r r o r Cj 

e r r o r / h y d r o g e n 

= -78.001-^ (-0.0562) -(- 4 ( -0 .0031) 

= -78.07 h a r t r e e s . (5.7) 

This i s a p p r o x i m a t e l y 0.15 h a r t r e e h ighe r than H o l l i s t e r and Sinanoglu 's ' '^ 
e s t i m a t e of -78.2242 h a r t r e e s for the H a r t r e e - F o c k v a l u e . H o w e v e r , 
Ho l l i s t e r and S inanoglu ' s e s t i m a t e for a ce ty l ene was -76 .96 , or a p p r o x i ­
mate ly 0.10 h a r t r e e too low, t h e r e f o r e , th is e s t i m a t e for e thy lene is qu i te 
r e a s o n a b l e . 



The e r r o r in the T C E c a l c u l a t i o n is then 

^ e r r o r = ^ H F ' ^ T C E 

= -78 .07 - ( -77 .55) 

= - 0 . 5 2 h a r t r e e . (5.8) 

T h e e r r o r p e r p r o t o n is 

e r r o r / p r o t o n " 4 ~ - 0 . 5 2 / 4 

= - 0 . 1 3 h a r t r e e , (5.9) 

which is a p p r o x i m a t e l y twice a s l a r g e as the e r r o r obta ined in the T C E 
c a l c u l a t i o n for a c e t y l e n e . If the b a s i s s e t w e r e fully o p t i m i z e d , the u p p e r 
l i m i t to the c a l c u l a t i o n would be 

T C E l i m i t " H F " e r r o r c a r b o n - c a r b o n " e r r o r / p r o t o n 

=• -78 .07 - ( -0 .053) - 4 ( - 0 . 0 7 7 / 2 ) 

= -77 .86 h a r t r e e s . (5.10) 

Tab le XX i n d i c a t e s tha t t h e s e r e s u l t s only equa l the m i n i m a l b a s i s STO 
r e s u l t s . H e n c e , p e r f o r m a n c e v e r s u s e c o n o m i c s p r e c l u d e d any o p t i m i z a t i o n 
of the b a s i s s e t . It w a s felt , h o w e v e r , tha t tfte wave function ob ta ined had 
al l the e s s e n t i a l c h a r a c t e r i s t i c s of an o p t i m i z e d s e t . 

T h e r e s u l t s p r e s e n t e d in T a b l e XX i n d i c a t e tha t the T C E r e s u l t h a s 
the h i g h e s t to ta l e n e r g y r e p o r t e d . It is a p p r o x i m a t e l y 0.3 h a r t r e e h i g h e r 
than the m i n i m a l STO c a l c u l a t i o n s . The r e s u l t s for the ion iza t ion potent ia l* 
c o m p a r e f a v o r a b l y wi th the o t h e r c a l c u l a t e d v a l u e s . M o s t of the c a l c u l a t e d 
va lue s a r e wi th in 10% of the e x p e r i n n e n t a l v a l u e . 

T a b l e XXI i n d i c a t e s tha t the o r b i t a l e n e r g i e s a g r e e r e a s o n a b l y wel l 
with the o t h e r r e p o r t e d c a l c u l a t i o n s The la , la^^, and Ib^u o r b i t a l e n e r g i e s 
a g r e e qu i t e we l l but , as e x p e c t e d , the bonding o r b i t a l s do not a g r e e as w e l l . 

Al l the o r b i t a l e n e r g i e s follow the s a m e t r e n d as tha t d i s p l a y e d in 
the T C E a c e t y l e n e c a l c u l a t i o n s . They a r e a l l h i g h e r than the c o r r e c t values .** 

Computed using Koopmans' approximation. 
**Because the Hartree-Fock values do not exist, the best published results of Whitten are assumed correct for 

comparative purposes. 
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The charge-density contours presented in Appendix F indicate that 
considerable distortion has been built into the wave function. When the 
total densities of carbon molecule and acetylene are compared with ethylene, 
it is apparent that the charge distribution has gone from nearly c i rcu la r 
contours (carbon) and ellipsoidal contours (CjH^) to elliptical contours that 
are also distorted in the x direction The overall appearance is roughly 
a dog-bone shape. Examination of the a-type orbitals indicate that they also 
demonstrate this type of distortion. The 2ag orbital appears to have the 
exact shape of the total density and is undoubtedly the main contributor to 
the overall shape. The inner b-type orbitals are slightly distorted in the 
direction of the protons. 

The remaining b-type orbitals is the Ib^u orbital. This is the 
classical pi electron orbital in ethylene. Its appearance is exactly as it has 
been depicted in organic textbooks, namely two "sausage "-shaped clouds 
above and below the plane containing the carbon atoms. There is a well-
defined a-TT separation on the order of 2.3 eV. This separation is about 
30% smaller, however, than that reported by other calculations. 

E. Results for Twisted 90° Configuration 

Little data have been published on the twisted form of ethylene. 
The basic reason is that in this configuration the singlet state is not a pure 
state, because the e-type orbitals become degenerate, thereby giving r i se 
to the two singlet states 'A and 'B. Thus, a single determinant wave function 
is not satisfactory. What has been reported by Kaldor and Shavitt^' and is 
being reported here is a mixture of the two s ta tes . The wave function p r e ­
sented in Table XXII indicates that the restr ict ion of a single determinant 
wave function does not allow the inner e orbitals to become degenerate. 
Because of this restriction, the twisting potential cannot be accurately 
determined without doing a double-configuration calculation 

The energy difference between the two configurations for the TCE 
calculation is 0 16 har t ree , which compares favorably with the 0.20 har t ree 
that Kaldor and Shavitt obtained Kaldor and Shavitt also did a two-term 
configuration-interaction calculation and obtained a value of 0.13 har t ree 
for the energy difference. The ionization potential, however, compares 
quite favorably with Kaldor and Shavitt's results 

Examination of the energy quantities presented in Table XXIV 
gives a qualitative understanding of what happened as the. system was 
twisted. There was a decrease in the nuclear-nuclear repulsion, accompa­
nied by a large increase in the kinetic energy, while the electronic part of 
the potential energy remained constant. The overall effect was therefore a 
net raising of the total energy. The electronic potential energy remained 
constant because the decrease in the nuclear-electronic contribution was 
compensated for by an increase in the electronic-electronic repulsion 
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The charge-densi ty contours presented in Appendix F show the 
removal of the hydrogen atoms from the plane of the molecule. Comparing 
these plots with the plots of the planar configuration, we see that the left-
hand sides of the total and a-type orbitals are equivalent. The right-hand 
side clearly reflects the removal of the protons. This side of the plot is 
analogous to what would be observed if a plot was made of the plane con­
taining the two carbon atoms and perpendicular to the plane containing the 
hydrogens in the planar configuration. The b symmetry orbitals are quite 
distorted, and only the Ibjy orbital resembles the planar orbital on the left-
hand side. In the plots for both configurations, there are no contours 
surrounding the hydrogen atoms. 
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VI. CONCLUSIONS 

A. Review of the Results 

The TCE method using Slater-type orbitals was character ized and 
documented. 

TCE calculations on the hydrogen molecule from off-center posi­
tions determined the e r ro r inherent in the method, and within the con­
straints of the allowed basis functions (i S3) , to be 0.035 har t ree per 
proton. 

TCE-SCF wave functions for the acetylene and ethylene molecules 
were obtained. These molecules provided an ideal se r ies for characterizing 
the method on large systems since they have a constant heavy atom skeleton 
with an increasing number of off-center protons. 

To make this characterization for large sys tems, an exhaustive 
search for the best basis set was performed. It was apparent during this 
search for acetylene that economic considerations would not permit the 
same procedure to be used for ethylene. The wave functions obtained are 
therefore not strictly comparable. The major differences between the final 
results presented for the two systems are : 

1. The acetylene wave function was constructed from a symmetry-
adapted basis set, while the ethylene wave function was constructed from 
a symmetryless basis set. The use of symmetry functions permit ted a 
greater number of expansion functions to be included in the basis set for 
acetylene. 

2. Extensive exploration and single optimization of all the orbital 
exponents in the acetylene basis set were performed, but no exploration or 
optimization of the basis set was done for ethylene. 

3. Because of the more acidic nature of the protons in acetylene 
than in ethylene, the charge density is less in the vicinity of the protons in 
acetylene and therefore easier to represent . 

The results obtained for these systems were -76.7240 and -77.5537 
har t rees for the total energies of acetylene and planar ethylene, respectively. 
For these two systems, the e r ro r per proton, defined as the deviation from 
the Hartree-Fock value divided by the number of protons, was 0.07 and 
0.13 har t ree , respectively. 

The orbital energies obtained for both acetylene and ethylene orbitals 
not involving the carbon-hydrogen bond compared favorably with other 
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reported calculations. The ionization potentials obtained using Koopmans' 
approximation were 0.3993 and 0.3560 har t ree for acetylene and planar 
ethylene, respectively. 

B. Pract ical i ty of the Method 

Although the TCE resul ts obtained for acetylene were better than 
the minimal-bas is STO multicenter t rea tments , the TCE method is not 
proposed as a pract ical intermediate to full multicenter STO treatments 
as the OCE method has been. The pr imary reason is that the ratio of 
wave-function quality to machine time involved is quite disadvantageous 
for the TCE method. The reason for this is that the OCE method requires 
evaluation of only atomic-type (one-center) two-electron integrals , which 
may be evaluated very rapidly. In the TCE method, however, there are 
many two-center , two-electron integrals that take 'lO-* times as long to 
evaluate as the atomic type. The multicenter two-electron integral may 
take only ten t imes as long to evaluate as the two-center type . ' ' ' The 
number of two-electron integrals goes up roughly as the number of basis 
functions to the fourth power. For a TCE calculation, a feasible basis 
set, based on equal integral computation t ime, could therefore only be 
about one and one-half t imes as large as a full multicenter set. On the 
other hand, the basis set in an OCE treatment could be nearly ten t imes 
as large as the multicenter set. If a basis set of that size could be handled, 
the OCE resul ts obtained would be quite good, whereas the set used for a 
TCE treatment would not be adequate. 

C. Future Applicability 
% 

Although the method is not proposed as a practical intermediate 
step for the general class of molecules Hn-A-B-Hm, the rather good resul ts 
obtained for acetylene indicate that the method could be usefully applied to 
ideal members of this c lass , namely those with only one and two protons. 
Fu r the rmore , the method could be quite useful for those excited states where 
the charge density at the proton would be less than in the ground state. Since 
there is an apparent constant framework e r r o r in different geometric con­
figurations, t e rm energies for t ransi t ions from orbitals not involving a 
carbon-hydrogen bond could be quite satisfactory. 

Although the TCE total energies a re in general quite poor, the total 
charge density is apparently adequate for s t ructure determination. The in­
vestigation of geometr ical changes involving the off-center protons requires 
recomputation of only a few integra ls , and the e r r o r subject to these changes 
is constant. Therefore the method is considered pract ical for the investi­
gation of geometr ical energy surfaces related to the movement of the protons. 

Some useful and interesting future problems using the TCE tech­
nique would be: 



58 

1. The investigation of the excited states of acetylene, ethylene, 
and ethane. These results would provide useful information about the 
approximations and parameters used in semiempir ical t rea tments of 
hydrocarbons. 

2. The calculation of the b a r r i e r to rotation in hydrogen peroxide. 
This ba r r i e r height has not been completely character ized as yet, and the 
TCE results should be quite good because of the polarity of the bond, the 
need to represent only two protons, and the cancellation of e r r o r for dif­
ferent proton configurations. 

3. The calculation of TCE wave functions for a group of hydrox­
ides (i.e., LiOH, NaOH, KOH, . . . ) . The trends and propert ies occurring 
while proceeding through this alkali ser ies would probably be properly 
reflected. 
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APPENDIX A 

Molecular Integrals 

1. Basis Functions 

The basis functions ^ a re the complex STO's defined in Eq. 3.2. 
A X is completely described by specifying the quantum numbers n, I, and 
m and the orbital exponent C,. 

2. Coordinate System 

The coordinate system used depended upon the integral being com­
puted and was either rectangular, spherical polar, or ellipsoidal. The 
basis system is a right-handed rectangular system on one center and a 
left-handed system on the other center, as shown in Fig. A . l . The rela­
tionships between the various coordinate systems are 

? = 
•"b 

•n = 

0 - 0a " *>b • 

1 - i-n 
COS Sb 

s in tfb i - n 

1/2 

COS y ^ 
1 + e^. 

I 'A 

i + -n 

Fig. A.l 

Coordinate System Used in Computing 
Molecular Integrals 

3. O n e - e l e c t r o n I n t e g r a l s 

The o n e - e l e c t r o n i n t e g r a l s a r e def ined a s 

< X p | m | x q > = J x ? ( l ) M X q ( l ) d v , (A . l ) 
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where M may be one of the following operators : overlap (l), nuclear 
attracti"on ( z / r i ) , and kinetic energy (-^V^); and p and q a re index labels 
of the basis functions, which may be on either of the expansion cen te rs . 
The condition for an integral to exist is that 

mp = mq, (A.2) 

except for the nuclear attraction integrals involving the off-centers. For 
these integrals there are no existence t es t s . 

4. Two-electron Integrals 

There are four types of two-electron integrals . 

a. One-center Type 

<X^X^\xpC^> = / / X*( l )Xi( l )^X^(2)X" '*(2) dvidvj, (A.3) 

where a represents one of the expansion centers , and the pr imes imply 
that the functions may be different. The condition for an integral to exist 
is that 

•^a - "^a = '"a - "^a (A..4) 

and Ua " •̂ al " Ua " ^a I ^^ ^^^^ ^^^ satisfy the triangle rule. '* 

b. Two-center Coulomb Type 

<XaX;IXbXb> = 1 1 Xa(l)X;(l) J_Xb(2)X{,*(2) dvjdv^, (A.5) 

where a and b are labels for the two expansion centers . The existence 
condition for this integral is that 

ma - m^ = mb - mb. (A.6) 

c. Two-center Hybrid Type 

<XaX;IXaXb> = ^ X * ( 1 ) X ; ( 1 ) pix^(2)Xb(2) dv.dv. 

The existence condition for this integral is that 

"'a - "^1 = "^a - ™b- (A.7) 



Two-center Exchange Type 

<XaXblx;Xb> = / T x | ( l ) X b ( l ) ^^ X;(2)x;*(2) dv.dv^ 

The existence condition for this integral is that 

ma - mb = ma - mb- (A.8) 

Reference 28 contains a complete description of the analysis for all 
the diatomic in tegra ls , and Ref. 7 describes the three-center nuclear-
attraction in tegra ls . References 29, 30, 75, and 76 describe the operating 
specifications for the computer programs used to calculate these integrals . 

o l 
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APPENDIX B 

IBM-7040 Program Specifications 

This program is a modified version of the IBM-7090 Homonuclear 
Diatomic SCF Program written by Wahl.^° The major changes incorporated 
were: 

MAP. 
1. The conversion of the assembly language code from FAP to 

2. A new SCF routine coded in FORTRAN IV. 

3. All input and output coded in FORTRAN IV. 

4. Inclusion of the nuclear-at tract ion integrals needed for the 
expansion method. 

The restr ict ions on the basis set were: 

1. The quantum numbers were res t r ic ted to n — 6, and i s 3. 

2. The total number of basis functions allowed was limited by 
the relationship 

I N ; , ( N ; , + 1) S144, 

X 

where X runs over the number of symmetr ies , and Nj, is the number of 
basis functions in symmetry X. 

Reference 90 contains a detailed description of the operating speci­
fications. The program will be soon available from the Quantum Chemistry 
Program Exchange. 



APPENDIX C 

CDC-3600 P rog ram Specifications 

This program is a modified version of the CDC-3600 Heteronuclear 
Diatomic P rogram written by Wahl and Bertoncini.^' The input conventions 
and program limitations a re the same for both programs and will not be 
repeated here . 

There are three major differences between the two programs. The 
first difference is that the current program has been converted from a 
diatomic to a TCE program by the inclusion of the new nuclear attraction 
integrals . The second difference is that the diatomic symmetry constraints 
have been removed and a symmetryless program was constructed instead. 
A symmetryless program was chosen because all the molecules of interest 
could be handled without having to modify the program. Because the pro­
gram is symmet ry less , the maximum bas i s - se t size permitted was 
44 functions. The third and most significant difference resulted in a con­
siderable savings of machine time per calculation. Because all basis func­
tions were in a single symmetry (a null symmetry), the looping over them 
in producing the 7 supermatr ix element also produced all the necessary 
;f supermatr ix elements . The latter elements, however, were not in the 
correct K supermatr ix address (namely, they were in the 7 address) , so 
that an algorithm had to be designed to construct a proper K supermatrix 
from the 7 supermatr ix . Doing this, however, eliminated the need to in­
dependently compute the K supermatr ix , thereby cutting the integral com­
putation time nearly in half. 

The major disadvantage to this type of program occurs in the SCF 
procedure. Because the basis set is quite large, the time per SCF iteration 
increases substantially, and because it is symmetry less , no account is 
made for degenerate orbi tals . A new convergence scheme had to be adopted 
for these orbi tals . For very large calculations, on the order of the size of 
the ethylene basis set, the rate of convergence becomes very slow and the 
rate-determining step in the calculation becomes the SCF procedure. 
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APPENDIX D 

TCE Wave Functions for Acetylene 

TABiE D.I TCE Wave Fundions lor Acetylene as a Function ol Ihe Carbon-carDon Internuclear Separation 

R C-C, bohfs 

R C-H. twhrs 

Total energy, harlrees 

Symmetry Basis 
fundions 

15 5.32M6 
IS S. 65300 
25 1.57656 
35 3,87600 
2P I.136J4 
2P 2,07700 
2P 3.55200 
6P 2.75540 
3d 1.49307 
6t) 243374 
41 1.70754 
bl 2.60000 

2.100 

2.002 

- 76.7142 

0.89701 
0.10908 

-0.00137 
0.006M 
0,0075 
0.00198 

-o,roi27 
-O.OOlbS 
0.00443 

-0.00424 
0.00004 
0.00000 

2.200 

2.002 

-76.7256 

0.89724 
0.109Z2 

-0.00111 
0.00619 
0.0071 
0.00169 

-0.W129 
-0,00147 
0.00363 

-0.00346 
-0,00005 
0.00000 

2.2267 

2.002 

-76.7267 

2.281 

2.002 

-76.7240 

loq Orbital Coeflicienis 

0.89728 
0.10926 

-0.00104 
0.00601 
0.00071 
0.00160 

-0.00128 
-0.00141 
-0.00346 
-0.00328 
-0,00005 
0.00000 

0.W733 
0.10932 

-0.00088 
000563 
0.00075 
o.mi40 

-0X122 
-0,M129 
000316 

-0.00295 
-0.00001 
-0.00013 

2.400 

2.002 

-76 7084 

0.89743 
0.10946 

-0.00053 
0.00484 
0.00073 
0.00100 

-0.00103 
-0.00100 
0.00265 

-0,00236 
0.00001 

•0.00015 

6.000 

2.002 

-75.8109 

0.39768 
0.10997 
0.00090 
0.W15O 

-0.00066 
-0.00174 
0,00215 
O.mi04 
0.0OO67 

-0.00052 
-0.00007 
•0-00006 

OrOltal energy, hartrees 

Orbital energy. Hartrees 

2oq Orbital Coeltlclents 

IS 
15 
25 
35 
2P 
iV 
ZP 
6P 
yj 
bO 

a 
61 

Orbili 

15 

15 
35 

2P 

bd 

5.32646 
S. 65300 
1.57656 
2.87600 
1.13634 
2.07700 
3.55200 
2.76540 
1.49307 
2.43374 
1,70754 
2.80000 

l l energy, hartrees 

5.32646 
6.65300 
1,57656 
2.87600 
1.13634 
2.07700 

2.76540 
1.49307 
2.43374 

0.23519 
0.01571 

-0.39960 
-0.42832 
-0.05079 
-0.020802 
-0,0»73 
0.15555 

-009355 
0,10073 

-0,02020 
0.0743S 

-1.04335 

0.09601 
-0.03633 
0,36569 
0.33462 

-0.46892 
-0.27878 
-0.08591 
-0.5O416 
-0.05774 
-0.07224 
-0.00729 
-0.23621 

a22867 
0.01507 

-0,42950 
-0.41348 
-0.06043 
-0,19622 
-002238 
0.161S6 

-0.10081 
0.10062 

-0.02369 
0.08228 

-1.02848 

0.07970 
-0.02999 
0.36722 
0,28033 

-0.41125 
-0,27907 
•0-08870 
-0.48927 
-0,01967 
-0.07709 
0.00961 

-0.24567 

0.22756 
001473 

-043874 
-0.40747 
-0.06413 
-0.19178 
-0,02048 
0.16290 

-0.10327 
0.10006 

-0.02467 
0.08408 

-1.02443 

022595 
0.01386 

-0 45897 
-0.J9302 
-0,07272 
-0.18097 
-001706 
0,16552 

-0.10865 
0.09818 

-0,02663 
0.08736 

-1.01589 

3og Orbital Coettieients 

0.07495 
-0.02806 
0.36907 
0,26174 

-0.39408 
-0.28222 
-0.08668 
-0.48425 
-0.00921 
-0.07643 
0.01354 

-0.24650 

006525 
-002399 
0.37363 
0.22042 

-0.35806 
-0,292ig 
-0.08768 
-0.47324 
0,01157 

-0,07274 
0.02066 

-0.24612 

0.22475 
0.01141 

-0.50737 
-0.35391 
•0.09569 
-0.14981 
-0.01160 
017127 

-0.12107 
0.09078 

-0.03069 
0.09275 

-0.99738 

004543 
-0,01521 
0.38257 
0.12443 

-0.27977 
-0,32643 
-0.08160 
-0.44850 
0.05149 

-0.05615 
0.03268 

-a23811 

0.21559 
-0.00351 
-0.89117 
-0.04445 
-0.01531 
-021629 
-0.00810 
0.20785 

-0.11924 
-0.03329 
-0,05311 
012747 

-0.86630 

0.07924 
0.00434 

-0.12168 

-aOBZ94 

lo^, Orbital Coefticienis 

15 

Orbital 

IS 

* Orbilal 

2P 

2P 

Orbital 

5.34615 

energy, harlrees 

5.34615 

energy, hartrees 

1.17024 

energy, hartrees 

0.90912 
0.09840 

-0.00194 
0.00580 

-0.X198 
0-00302 

-O.X195 
O.00O91 
0.00002 

•11.1881 

026545 

0.62740 

1.92622 
-0,78607 

0.07349 

-072715 

0,46708 
0,36725 
0.06316 

0.03549 
0,02029 

-0,42454 

O.X137 
0.90901 
0.09644 
0.00027 
0.00528 
000018 

-0.00164 
0.W105 
000002 

-11,2067 

0.25893 
-0.02541 
0.72711 

-007649 
2.06256 

-0.89732 
0.13740 
0.O83O6 
0.21001 

•0.73589 

0.49116 
034984 
0.06537 

-002209 
0.03258 
0.01977 

-0.41074 

0.90900 
009851 
0,00099 
0.00514 
0.00094 
0.00080 

-0.00152 
0.00112 
0.00003 

-11,2117 

20u Orbital 

0.25675 
-0,02429 
0.74374 

•009420 
2.09058 

-0.92229 
0.14149 
0.08522 
0.20866 

•0.73819 

0-90901 
0.09854 
0.00263 
0.00484 
0.0025 

-000056 
-0.M125 
o.roi29 
0.00OO4 

-11,2211 

Coeflicienis 

0.25191 
•0.02194 
0.76656 

-0.12914 
2.13787 

-0.96752 
0.14928 
0,08902 
0.20615 

-0,74270 

Inu Orbilal CoeHlclents 

0,49733 
034535 
0.06610 

-0.02262 
0,03183 
0.01964 

-0.40731 

0.50965 
0.33535 
0.06778 

-0.02379 
0.03032 
D.0I94I 

-0.40043 

0.09859 

-0,00424 

0.0OO13 

•11.2412 

0.77956 

a20187 

-a752J5 

0.07208 

002716 
0.01896 

-0.38658 

-0.00008 

-11.3996 

008597 

-O.M860 

a01514 

-a23950 



TABlf D.II. TCf no™ func 

R C-C. Dortr* 

R C-H. botirs 

Total energy, hartrees 

Sytnmetr, Basis 
Functions 

IS s.sw 
is i.6Siai 
2S 1.576M 
3S 2.87600 
2P 1.13634 
;P 207700 
!P i.SiiOl 
6P 2.76S« 
3d l.«307 
bO 2.43374 
41 1.70754 
61 280niO 

tion tar Acetylene as a 

Z.2II 

Lax 
-lUKO 

iLmm 
010922 

-0(0121 
00163; 
0.0002^ 
O.I101» 

-amuc 
-omio6 
0(0374 

-000360 
-0.00013 
-0.00010 

Function o( ttw 1 

2.2S1 

L W 

-76.717! 

10 , 

084740 
010027 

-0.(0114 
000617 
aoooti 
a00147 

-0.00123 
-100124 
000339 

-0.00332 
-000004 
-aaooi9 

Carton-Hydrogen Inlernuclaw Separation 

2JSi 

2.100 

-76.7177 

Ortttol Coaflkiwtb 

089 733 
010936 

-0.(0174 
aaas33 
000093 
000143 

-0.O124 
-0.(0136 

aoni 
-0.00212 
0.00(02 

-aODD12 

22(1 

6.000 

-73 8631 

aiMM 
aiont 
000379 
000399 
(L006O6 

-(100347 
OOOllO 
000130 
000463 

-UUUICT 

aoo3u 
moDifls 

Orbltil eneniy. hartrees 

2oa OrttttI Coifftclwib 

IS 5.32646 
IS 8.65300 
ZS 1,5765« 
3S 2.87600 
V 1.13634 
2P 2.07700 
2P 3.55200 
6P 2.76340 
3i] 1.49307 
6d 2.43374 
« 1.70754 
« 2.80000 

Orbital energy, hir trwi 

IS 5.32646 
IS 8.65)00 
25 1.5765* 
3S 2.87600 
Z? 1.136)4 
2P 2.07700 
2P ). 55200 
6P 2.76540 
3d 1.49307 
ed 2.43)74 
« 1.70754 
tt 2.80000 

OrUbl •ntrQf. hirtrMs 

IS 5.34615 
IS 8.85300 
2S 1.22800 
3S 2.82038 
2f> 1.414)7 
2P 1.96181 
2P 3.20090 
)d 1.45000 
4r 1.80974 

OrWIal tnergy. hartrees 

ts 5.34615 
IS 8.85300 
2S 1.22800 
3S 2.820)8 
Zf 1.41437 
2P L W 8 1 
2P 3.20090 
3d 1.45000 
« 1.80974 

Ortrital t n r ^ , hirtrtts 

2P 1.17024 
2P 2.00770 
2P 485200 
IP visao 
H ZJMt t 
« 2.10000 

Orbital •n t r^ . turtrMS 

0.22178 
a01649 

-0.44234 
-0.44060 
-o.oe7» 
-0.130B1 
-002211 
0,19445 

-0.12987 
0.12617 

•O.OtlM 
a 11408 

-I031Z8 

0107889 
- a 02786 
0.247)6 
0.30624 

•0.23593 
•0.415)5 
-0.06072 
-0.49437 
005851 

•0-1)227 
0.06262 

-0.28276 

- a 70157 

a909)5 
0.098)5 
a00737 
aOQ515 
000824 

•O.0O451 
-aOOOTD 
a0O207 
aoooi2 

•11.2239 

0.24«59 
-aoiau 
a65559 

- a 16125 
1.84872 

-0.67846 
a 08980 
a073S6 
a2C63> 

-a791U 

a503» 
a34511 
a062a2 

-0.02001 
a02686 
aQ2115 

-0.41075 

a22«24 
a01499 

-0.45195 
•0.413)1 
-aOR6tf 
•015428 
•aQ?011 
0.18211 

-a 11814 
0.10917 

-a03523 
010118 

-1-02369 

122817 
101260 

-0.46461 
•0.37218 
-0.06987 
-120144 
•1015U 
1146M 

-110220 
108872 

-101770 
107261 

•10O79I 

3og Orbital CoiflklOTb 

a07l)5 
-<!. 02572 
a31129 
125967 

-0.27)88 
•0.36M 
-0,07185 
-a494(3 
aO)4D 

•009724 
004680 

•026914 

1(MB7 

-aoem 
144015 
116BU 

-145295 
-122314 
HX10200 
-10246 
-lOOBW 
-104739 
-101300 
-121071 

-167976 -163525 

lOu Orbital DMKtclMlll 

190931 
109841 
100703 
100499 
100761 

-0.00384 
-0.00079 
100198 
100014 

-1L2229 

20u 

az5)c 
-102162 
177176 

-0.14257 
2.059)6 

-186280 
112354 
109016 
120877 

-CL 76755 

lOu 

130657 

134073 
106486 

-102186 
0.02872 
102027 

-140687 

1 9 Q M 
l O W l 
100090 
100473 
100072 
100090 

-100148 
100100 
100001 

•11.2181 

OrttttI CMfllclcnts 

12189) 
-102160 
173936 
112069 
2.17961 

-L04336 
117062 
10M60 
12013) 

-171914 

Orbital CotnkMnts 

151279 

133198 
107062 

•lCeS68 
103166 
101864 

- 1 3 M C 

123971 
100534 

•149852 
•126401 
105880 

-1XM3 
•100906 
•001621 
-109670 
110153 
10EI545 

-101803 

-17DB2D 

lOOVZ) 

-loom 
-L09409 
124U7 
2.51971 

-082072 
129606 

-170246 
102941 
124755 
125779 

•1 I506 

- lL3f i6 

189941 
I IOIB) 

-11)462 
100265 

-114237 
108903 

•101192 
-lOZDU 
-lOOOl 

'109140 

looan 
103403 

-L512aO 
•128015 
-108121 
109574 
110399 

-115772 
-10)143 

•12)(B0 

161295 

120161 
013481 

-106917 
OII38(A 
100966 

-111015 
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APPENDIX E 

Charge-density Plots for Acetylene 

1. For Figs. E.1-E.7, the largest contour value plotte(i was 
1.0 e - /bohr \ and the smallest contour value plotted was 1.95 x 10'^ e 7 b o h r ^ 

2. For Figs. E.8-E.18, the carbon nucleus is located at 1.140 bohrs 
and the hydrogen nucleus at 3.142 bohrs. 

3. For Figs. E.8-E.12, the symbols used were: 

+ for the McLean Hartree-Fock wave function.^' 

n for the TCE wave function. 

O for the McLean minimal bas is -se t wave function. 

4. For Figs. E.13-E.16, the symbols used were: 

+ ior the density difference between the TCE results and the 
McLean Hartree-Fock results . 

n for the density difference between the TCE results and the 
McLean minimal bas is -se t results . 

Im^^ 
^ 

" ^ S M Y V I I J 

Fig. E.l. Total Charge-density 
Contours for Acetylene 

Fig. E.2. Charge-density Contours of 
lOg Orbital for Acetylene 
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Fig. E.3. Charge-tiensity Contours of 
l(\f Olbital for Acetylene 

Fig. E.4. Charge-density Contours of 
20^ Orbital for Acetylene 

Fig. E.5. Charge-iJensity Contours of 
20u Orbital for Acetylene 

Fig. E.6. Charge-density Contours of 
SOg Orbilal for Acetylene 

Fig. E.7 

Charge-density Contours of liT^ Orblul for Acetylene 



= ^9.8797 

9 9a»>a»>i»it»i>a»*»»»>ia»ta»»ai 
l.aao 1.490 1990 ^ 470 2.960 

Fig. E.8. Charge-density Plots of lag Orbital 
for Three Acetylene Wave Functions 

M 

O 
r 

59.6351 

47.6534 

41.8717 

358901 

29.9084 

23.9SG7 

17.9450 1 

11.9833 

5.9818 I 
1.000 1490 1980 E.47D 8.960 

Fig. E.9. Charge-density Plots of lOy Orbital 
for Tliree Acetylene Wave Functions 



g ISSOO 

1 000 1.490 1.980 ? 470 2 960 

Z (eOHRSI 

Fig. E.IO. Charge-density Plots of 2o„ Otbiul 
for Three Acetylene Wave Functions 

u^^::^s 
1 0 0 0 1.490 1.980 8.470 E.960 

2 (BOHnei 

Fig. E.ll. Charge-density Plots of 2o„ Orbital 
for Three Acetylene Wave Functions 



- J 
o 

I . 0 0 0 1 490 1 9 8 0 2 470 5 9 6 0 

Z IB0HR5) 

? 1 .8767 

tt«ittttltt9tltlttfttttH9tftttHftHttHt 

1000 1490 1980 8.470 8.960 

Fig. E.12. Charge-density Plots of 30g Orbital 
for Three Acetylene Wave Functions 

Fig. E.13. Density-difference Plots of lOg Orbital 
for Acetylene Wave Functions 



8.4288 

8.1387 

I.8545 

I.570H 

1.8888 

1 0080 

.7178 

.4336 

.1485 

- . 1 3 4 6 1 

\,4ti0$$ii$*$tir$$$$$*t»»*fttttttti9f«t 

1000 1480 i.aeo 8.470 8.afio 

Z (BOHII6I 

Fig. E.14. Density-difference Plots of lOy Otbiul 
for Acetylene Wave Functions 

Fig. E.15. Density-difference Plots of 2cig Orbital 
for Acetylene Wave Functions 



Fig. E.16. Density-difference Plots of 20u Olbital 
for Acetylene Wave Functions 

Fig. E .n . Density-difference Plot of 30g Orbital 
for TCE Wave Function and McLean-
Yoshimine Hartree-Fock Wave Function 
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Fig. E.18. Density-difference Plot of 30g Orbital 
for TCE Wave Function and McLean 
Minimal Basis-set Wave Function 
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A P P E N D I X F 

C h a r g e - d e n s i t y C o n t o u r s f o r E t h y l e n e 

T h e l a r g e s t c o n t o u r v a l u e p l o t t e d w a s 1.0 e " / b o h r ^ , a n d t h e s m a l l e s t 

c o n t o u r v a l u e p l o t t e d w a s 1.95 x 10"^ e - / b o h r ^ . 

Fig- F.l. Total Charge-density Contours 
for Planar Ethylene 

Fig. F.2. Charge-density Contours of la^ 
Orbital for Planar Ethylene 

Fig. F.3. Charge-density Contours of la,. 
Orbital for Planar Ethylene 

Fig. F.4. Charge-density Contours of 2ao 
Orbital for Planar Ethylene 



Fig. F.5. Charge-density Contours of 2au 
Orbital for Planar Ethylene 

Fig. F.G, Charge-density Contours of lb3y 
Orbital for Planar Ethylene 

Fig. F.7. Charge-density Contours of 3ao 
Orbital for Planar Ethylene 

Fig. F.8. Charge-density Contours of lb2g 
Orbital for Planar Ethylene 

Fig. F.9. Charge-density C.'Di.'irs -I 1 
Orbiul for Planar ttliylcnc 

Fig. F.IO. Toul Charge-density Contours 
for Twisted 90° Ethylene 

•J 
Ul 



- J 

Fig. F. l l . Charge-density Contours of 2a' Fig. F.12. Charge-density Contoure of 2a" Fig. F.13. Charge-density Contours of l e ' 
Orbital for Twisted 90° Ethylene Ortibal for Twisted 90° Ethylene Orbital for Twisted 90° Ethylene 

Fig. F.14. Charge-density Contours of 3a* 
Orbiul for Twisted 90° Ethylene 

Fig. F.15. Charge-density Contours of le" 
Orbital for Twisted 90° Ethylene 

Fig. F.16. Charge-density Contours of 2e' 
Orbital for Twisted 90° Ethylene 
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